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Abstract

Current work reports modelling and simulation of geometric and material nonlinearities arising due
large elasto-plastic displacementsin structural specimens by invoking enriched element free Galerkin
method (EFGM). The displacement approximations are constructed by using moving least square
approach. Standard displacement based approximations are modified by incorporating suitable
enrichment functions depending on the nature of interfaces present in the components. Large
deformations give rise to geometric nonlinearities which have been modelled by invoking total
Lagrangian approach in which the initial unloaded state is chosen as the reference state for
investigation. One of the main advantages of total Lagrangian approach lies in the selection of
reference configuration which remains same throughout the simulation. Elastic-predictor-plastic-
corrector algorithm has been used for the estimation of stresses during simulation. Mathematical
foundations on EFGM are programmed in MATLAB to solve different engineering problems. Finally,
various nonlinear problems are reported to establish the potential of enriched EFGM in modelling
geometric and material nonlinearitiesin bi-material structural components. The results obtained in the
current work are compared with finite element and coupled FE-EFG solutions so that the potential and
accuracy of the proposed approach are established.
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INTRODUCTION

In the past several decades, extensive studies and research have been conducted to investigate
geometric and material nonlinearities that may occur in structural components having different types of
internal interfaces in the domain. These discontinuities may arise due to cracks, holes or bi-material
surfaces, as shown in Figure. 1. Several computational approaches have been proposed from time to
time to simulate different engineering problems, which include boundary €l ement methodology (BEM)
[1-3], finite element method (FEM) [4], meshless techniques [5-8] and extended FEM (XFEM) [9,10].
Although FEM provides the most efficient and powerful computational technique for investigating
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different solid mechanics problems but it faces
several problems while investigating different
types of interna interfaces, because of the
requirement of FEM mesh to conform to the
orientation of the interfaces. Creating a conformal
finite element mesh for irregularly shaped
geometrical interfaces has always created problems
in computational mechanics. The requirement of
mesh conformation, mesh refinements and
remeshing makes conventional finite element
method more demanding and expensive as
compared to XFEM. FEM also experiences
extreme mesh distortion while modelling large
deformation problems that involve geometric
nonlinearities in the domain of interest.
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Geometricaly nonlinear large deformation problems are handled more efficiently by meshless
techniques such as EFGM. All mesh related issues are eliminated in EFGM which makes it a novel
computational tool for modelling large or significant easto-plastic deformations occurring in the
domain.

XFEM was developed as the extended version of conventional FEM, which provided an efficient
computational tool for modelling the material interfaces present in the structural components like holes,
cracks or bi-material interfaces. This technique does not require conformal meshing to model these
geometrical discontinuities. The discontinuities are investigated by enriching conventional EFGM
approximations with suitable enrichment functions [11]. Various problems involving the modelling of
discontinuities have been solved by XFEM, which include quasi-static crack growth in structural
components [12], cohesive crack growth in engineering materials[13-15], cyclic crack growth [16-18],
propagating and non-propagating cracks [19] and 3D crack growth [20,21], crack nucleation and multi-
crack cases[22-25], holes and inclusions [26, 27], problemsinvolving bi-material discontinuities [28-
33], frictional contact between solid bodies[34-37], time dependent crack growth [38-42] and nonlinear
crack growth cases [43-45]. This method was also successfully invoked to model several problemsin
the areas of fluid dynamics[46-51], problemsinvolving phase changes [52-54], piezoel ectric cases[55]
and other complex mechanical components [56,57].
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Figure 1. Domain with different types of discontinuities

The current work provides an efficient and accurate numerical technique, based on enriched EFGM,
to investigate geometrical and material nonlinearities in bi-material structural components. Several
specimens containing internal interfaces have been discussed in the current work. Large deformations
have been modelled by the total Lagrangian approach which considers initial unloaded state as the
reference state for investigation. Deformation gradient tensor has been used to map the data between
different configurations during large deformation. Mathematical foundations on EFGM are
programmed in MATLAB to investigate several engineering problems. Finally, various numerical
problems are reported to establish the potential of enriched EFGM in modelling geometrical and
material nonlinearitiesin bi-material structural components.

FUNDAMENTALS OF ENRICHED EFGM

EFGM was proposed with the god of eiminating the limitations related to the dependence of FE
mesh to construct the approximate solution. In all meshless techniques, the structural component is
represented by an array of nodes and displacement approximation is derived from the knowledge of
these nodes only. Generation of finite element mesh is not required in meshless techniques. Smooth
particle hydrodynamics (SPH) was among the first meshfree methods that was developed to model
various astrophysical phenomena including dust clouds and exploding stars. This technique was later

© STM Journals 2024. All Rights Reserved S131



Journal of Polymer & Composites
Volume 12, Special Issue 2
ISSN: 2321-2810 (Online), ISSN: 2321-8525 (Print)

applied to investigate different solid mechanics problems. Conventional smooth particle hydrodynamics
method suffered various limitations while modelling solid mechanics problems like instabilities,
inconsistencies, due to which modifications were carried out so that this technique becomes suitable for
computational solid mechanics. SPH technique and its updated versions were based on strong form of
mathematical model. On the contrary, EFGM was developed considering the weak form of original
mathematical models. All the mesh related problems are eliminated in EFGM, which provesto be very
useful for solving large deformation problems where mesh distortions are predominant, and the
conventional finite element method suffers serious drawbacks in those cases. While modelling such
problems by the FEM, severe mesh distortions occur which makes further analysis difficult and
remeshing is required. However, these problems do not arise in meshless techniques. The performance
of all meshless techniques is seriously influenced by selection of weight functions, which have a
compact support that defines the domain of influence of the concerned nodes.

Approximation Function in EFGM

As dready explained, EFGM constructs the displacement approximations with the help of nodal
distributions only. Moving least square (ML S) based displacement approximants are used for describing
the displacements. Such approximations include a polynomia basis, weight function and coefficients
dependent on position of node. The MLS approximation for primary variable u” (x) can be written as

W)=Y pa) = PTEaCo) @
j=1

where, n denotes nodesin neighbourhood of point x where weight functionis not equal to zero, p; (x)
represents polynomial basis, a;(x) are coefficients dependent on the position of node. The polynomial
basis functions for different cases can be defined as

PT(x) = [1,x] linear — one dimensional 2
PT(x) =[1,x,v] linear — two dimensional (©))
PT(x) = [1,x,v,x%,y% xy] quadratic — two dimensional (4)
PT(x) = [1,x,v,x%, y% xy,x3,v3,x%y,xy?] cubic — two dimensional (5)

Coefficientsa(x) are derived by minimizing the weighted least square sum L(x) of the error between
u" and nodal parameter u;, which iswritten as

LW =), WP a0 —u? ©)

] L(x) isminimized as

ok U
After carrying out the above differentiation, we reach at

A(x)a(x) = B(x)u (8)

Where

ul = [ug, Uy, Us, cer e e e e e Uy 9

ACx) = le w; ()P(x,)PT (%) (10)

B(x) = [wy(x)P(x1), wo(x)P(x3), v vuv ... Wi (X)P(x,)] (11)

Coefficientsa(x) arederived asa(x) = A~1(x)B(x)u. Now, u(x) iswritten as
ul(x) = PT(x)A"1(x)B(x)u (12)
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which further gives

uh(x) = X7y N; (0w = N7 (x)u (13)
where N; are the MLS shape functions described as

¥; = PT(x)A™ (x)B(x) (14)
The derivatives of MLS shape functions are written as

Nix = (PT(x)AT (0)B(x)) = (P"),A™'B+PT(A™") B+ PTA™'B, (15)

where

B,x = Wi,xp(xi) (16)

(A™H,=—-A"1A,ATT a7)

Ay = X1 Wi P(x)PT(x;) (18)

Choice of Weight Function

Proper selection of weight functions is the most significant feature of meshfree techniques. The
weight functions should have a positive value inside their domain and must decrease monotically with
increasing distance from the node. Severa categories of weight functions have been proposed for
EFGM, out of which theimportant onesinclude the exponential, cubic and quartic spline form of weight
functions. The most commonly used form of weight function in EFGM is the quartic spline. Some of
the weight functions are given below

(D) Cubic spline

§—4r2+4r3, T‘S%
w(r) = §—4r+4r2—§r3, %<r£1 (19)
0 , r>1

2 Quartic spline

_(1—-6r2+8r3-3r* , r<i1
w() = | r=l (20)
where

_ lxg=xl|

=T (21)

Here, x; represents the node and d; isits domain of influence. In two dimensiona problems, circular
and rectangular supports have found extensive applications. The size of compact support playsacrucial
rolein the behaviour of meshfree methods. Dolbow and Belytschko defined the size of compact support
asd; = d,qxC1, Wherec; ischosenin such away that good number of nodes are available in the support
and the value of d,,,,, lies between 2.0 and 4.0.

MODELLING OF BI-MATERIAL INTERFACESBY EFGM

The bi-materia discontinuity produces a displacement field that remains continuous across the
interface, but it produces a discontinuity in strain field. Such discontinuities are investigated by
choosing two enrichment functions. One of the enrichment functionsis described as

FG) = |Zi diNi(x)] (22)

where ¢ represents the level set function. Another function is expressed as

FGO = Z1ulNi() = |E diNi)| (23)
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The modified EFGM approximation is written as
uh(x) = T, Ni(®u; + X5, Ni(¥) [F) — F(xp]a; (24)

The final EFGM modél is derived after the substitution of variable approximation in the equilibrium
equation, which gives [K¢][{d¢} = {f€}, where

K] = [Non waa] ¢ EF=( £ (@) =u a)" (25)

K™ = ;(Br)TDBSdQ wherer,s = u,a (26)

fU = [ZINTbdQ + [ NTedr (27)

= Ju NT(FGO — F())b d + fie NT(F(0 — F(xi))t dT (28)
Nix O (Ni(F(x) — F(x))) x 0

BU — [ 0 Nyl : B2= 0 (Ni(Fx) = F(x)))y (29)
Niy Nix (Ni(F) —F(x)))y  (N;i(F(®) — F(x1))) x

Modelling of L arge Deformation by EFGM

The current work employs the total Lagrangian approach to investigate the geometric nonlinearity
caused by large deformation. The equilibrium equation for modelling geometric nonlinearitiesiswritten
as
Jy 8FTPdQ - [ subdq - [ suTtdl, =0 (30)

where F denotes deformation gradient tensor defined as Fj; = % = %

] ]

vector, P represents first Piola-Kirchoff stresses, t is applied traction vector, x = [X  ¥]T denotes
deformed configuration of the given body and X = [X Y] denotes the unloaded state of the body. We

generally use second Piola-Kirchoff stress S, which can be obtained asP = SFT.

+ 8j;, b denotes body force

Substitution of EFGM based displacement approximation in the equilibrium eguation yields the
EFGM model as

Kuu Kua u fu

[Kau Kaa] {a} - {fa} (31)
K = [~ (B)TD®P BPdQ + [(G)™M;GPdQ (o B =1u,a) (32)
fU = [ZNTBdQ + [ NTEr (33)
£2 = [ NT(F(X) — F(X)b dQ + [ NT(F(X) — F(X))EdT (34)

[Sxx 0 Sxy O
0 Sxx 0 Sxy
Ms = Sxy 0 Syy O (35)

[ 0 Sxy 0 Syy

Nix O (N;(FCX) — FX))) x 0
Bu=[0 Ny| : B*= 0 (N;(FX) —=F(X)))y| (36)
[Niy Nix]| (N;(FX) = F(X)))y MN;i(FX) —F(X)))x
Nix 07 (N;(F(X) = F(X))) x 0
w0 Nx[ L 0 (N;(FX) = FX)) x
=Ny 08T oo — Fo)y 0 (57
[ 0 Nyl 0 (N;(F(X) = F(X)))y
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In the above equations, D®P isthe elasto-plastic constitutive matrix, b and t are defined asb = ? and

t= t(;Ta). ] represents the determinant of the deformation gradient matrix, da denotes the deformed
0

elementa area and dA, represents the original undeformed area. b and t represent body forces and
surface tractions applied on the deformed configuration, respectively.

NUMERICAL RESULTS AND DISCUSSIONS

Few numerical problems are reported here to illustrate the applicability of EFGM in solving large-
plasticity deformations in structural components. The first example reports the die pressing
phenomenon in a bi-material specimen with horizonta interface between two materials. The second
example investigates the die pressing phenomenon in a bi-materia specimen with two horizontal
interfaces, separating the harder material and the soft portion. These two cases are investigated by
enriched EFGM and the results obtained during simulation are compared with FEM and coupled
solutions, which are considered as the reference solution for validation. In both problems, the Young’s
modulus of weak portion is assumed as 2.1 x 108 N/m? with a Poisson ratio of 0.35. The von-Mises
yield criterion has been used and yield stress of 2.4 x 10° N/m? has been assumed. The hardening
parameter of 3 x 107 N/m? is considered for analysis. The stronger portion is elastic and has the
Young’s modulus of 2.1 x 10° N/m? with the Poisson ratio of 0.35.

Die Pressing of a Bi-Material Rectangular Object

Large deformation has been investigated in a rectangular component with one internal bi-material
interface, as depicted in Figure 2. The given specimenis fixed at the top surface, and the lower edgeis
compressed to have 12 mm height reduction. The EFGM mesh of 26 x 41 nodes is chosen for the
given domain, as can be seen in Figure. 3. Final deformed state for the given compaction is presented
in Figure 4. Figure 5 shows the distribution of norma stress oy, aong the common interface. The
normal stress oy, along the vertical left edge can be seen in Figure. 6. Results derived in the current
work show a close agreement with conventional FEM and coupled solutions availablein literature and
hence it is established that the presented approach can be effectively and efficiently used to study and
investigate the problems involving geometric and material nonlinearities.

A IS

weak portion
IS
(&)
~
™

interface

strong portion £
(&}
™
N

) A8

| 4cm |

Figure 2. Rectangular component containing a horizonta interface
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Die pressing of a rectangular component between two hard dies
This example reports large deformation in a rectangular component with two internal bi-material
interfaces, as can be seen in Figure. 7. Top edge of the component is restrained while a compaction is
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for the analysis, as depicted in Figure 8. Deformed configuration for the given compaction is presented
in Figure 9. Figure. 10 shows the norma stress 6y, along the common interface. Figure 11 presents the

normal stress oy, across top edge of the component. Results derived in the current work show a close

established that the presented approach can be effectively and efficiently used to study and investigate

agreement with conventional FEM and coupled solutions available in literature and hence it is
the problems involving geometric and material nonlinearities.

applied at the lower edge equal to 7.5 mm height reduction. Nodal array of 26 x 41 nodesis selected

Figure 7. Rectangular component with two horizontal interfaces in the domain
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CONCLUSIONS

In the current work, enriched EFGM is invoked to model geometric and material nonlinearities in
structural components containing internal interfaces. The conventional moving least square
approximation is modified with suitable enrichment functionsto model theinfluence created by various
types of internal interfaces present in structural components. Results derived in the current work show
a close agreement with conventional FEM and coupled solutions available in literature and henceit is
established that the presented approach can be effectively and efficiently used to study and investigate
the problems involving geometric and material nonlinearities.
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