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TWO-SIDED CLIFFORD-VALUED SPECIAL AFFINE FOURIER TRANSFORM: PROPERTIES AND
ASSOCIATED CONVOLUTION

SHAHBAZ RAFIQ AND M. YOUNUS BHAT*

ABSTRACT. The primary focus of the present study is to analyse the Clifford-valued functions by introducing
the notion of a two-sided Clifford-valued special affine Fourier transform in L2(R™,Cly,»). Firstly we propose
the novel definition of the Clifford-valued special affine Fourier transform and derive its fundamental proper-
ties which include inversion formula, translation covariance, scaling covariance and Plancherel formula. Sub-
sequently we introduce the boundedness, continuity and differentiation theorems for the proposed transform.
Finally we culminate our investigation by deriving the convolution for this newly proposed transform.

1. INTRODUCTION

In the theory of signal processing the Fourier transform has been widely used for the description of
the input-output relationships of the linear filters [6] but unfortunately its applications got restricted due
to at least two reasons: first it gives no information about the occurrence of the frequency component at
a specific time; second it does not deal with the geometric features of the signals to be analysed. Due
to this unavoidable fact some new transformations came into being, which include the fractional Fourier
transform, chirp-based integral transform, linear canonical transform, LCT(affine Fourier transform) [5]
and the six parameteric (a, b, ¢, d, p, ¢) special affine Fourier transform or offset Fourier transform which is

bl

a generalization of linear canonical transform. For a matrix parameter A = d p] , the special affine
c )

Fourier transform (SAFT)of any signal h is defined as
(1.1) Oulh(2)] (w) = / h(@)Ka (2, w)da

where C4(z, w) denotes the kernel of the SAFT and is given by

1

exp {221) (aa:z — 2z(w — p) — 2w(dp — bq) + d(w? —|—p2)> }

with ad — bc = 1 and b # 0.

As a special case one can easily get linear canonical transform, LCT [7,8,22,23,26]. The application part of
SAFT is similar to LCT but due to extra two parameters of SAFT, it is more general and flexible than LCT.
Therefore, it has attained more popularity in signal and image processing [9-11].

It is well known that multi-variate signals are inherited by some qualitative geometric features, however,
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the quaternion algebra has a limitation to deal with such geometric features and is therefore not suitable
for an excellent detection of the edges and corners which arise in multi-dimensional or higher dimensional
signals. To address such limitations a new theory came into existence, that is the theory of Clifford algebra,
which is not only characterized by advantages of both the Grassmann exterior algebra and Hamiltons al-
gebra of quaternions but also inherits a function theory which is a higher dimensional analog of the theory
of holomorphic functions of one complex variable.

The Clifford algebra is an associative non-commutative algebra having zero divisors that includes the alge-
braic properties of real numbers, complex numbers and quaternions along with the geometric properties of
Grassman algebra [12,24,25]. From the last two decades, the Clifford algebra has attained a special status
in the analysis of higher dimensional signals due to the fact that such algebras encompass all dimensions at
once unlike to the multi-dimensional tensorial approach with tensor products of one-dimensional phenom-
ena [13]. Such as Brackx et al in. [14] constructed a pair of Clifford-Fourier transforms based on the operator
exponentials in the framework of Clifford analysis and Hitzer and Bahri [15] have constructed a general-
ized real Fourier transform for Clifford multivector- valued functions for n = 2,3( mod4) over R”. They
not only studied the basis properties of the proposed transform but also formulated several inequalities in
the Clifford-Fourier domain. Later on it was De Bie and De Schepper [16] who have introduced Fractional
Fourier transform based on two numerical parameters « and 8 and have obtained an explicit expression for
the kernel in terms of Bessel functions. Recently, Haipan Shi et al. [17] derived uncertainty principles of the
fractional Clifford-Fourier transform and Shie et al. [4] proposed a new version of fractional Clifford Fourier
transform and derived its several properties, especially formulated a new differentiation theorem.In the re-
cent times, yang et al. [18] have introduced the notion of the two-sided fractional Clifford-Fourier transform
and constructed a relationship of it with the two-sided Clifford Fourier transform. Very recently Shah and
Teali [18] studied the Clifford-valued linear canonical transform, convolution and its uncertainty principles
and discussed the basic properties of two-sided Clifford-valued linear canonical transform and derived the
mustard convolution.

Keeping in mind the more generality and more flexibility of the special affine transform and profound
characteristics of Clifford algebra, we are deeply motivated to introduce a novel integral transform called
as two-sided Clifford- valued special affine Fourier transform.

The rest of the sequence of the article is as follows: Section 2 deals briefly with preliminary aspects of
the Clifford algebra, definition and basic properties of Clifford Fourier transform. Section 3 is concerned
with the novel definition of two-sided Clifford-valued special affine Fourier transform and its fundamen-
tal properties. In section 4, boundedness, continuity and differentiation theorems for this novel transform
have been discussed. The convolution associated with two-sided Clifford-valued special affine transform
is also formulated in section 4. Finally, a conclusion is derived in Section 5.

2. PRELIMINARIES

In this section, we shall remind the basic notions of Clifford algebra which are going to serve as a building
block for the subsequent developments.
The Clifford algebra Cly,, is an associative but non-commutative algebra generated by the orthonormal
basis { f1, fo, ..., fn} of the n dimensional Euclidean space R™ executed by the multiplication rule:

fifi + fifi = —2b45, ,7=12,...,n,

where §;; denotes the Kronecker’s delta function. Generally speaking, every element of a Clifford algebra
is called a multi-vector and a multi-vector h € Cly ,, can be expressed in the following form:
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h:ZhJV[fM = <h>o+<h>1—|—+<h>n, hy €R, MC {1,2,...,’0},
M

where frr = fiy fip--fi, and iy < iy < ... Further (.); is called as the grade k- part of h. In particular
()0, ()1, {.)2,-.. respectively called as the scalar part, vector part, bivector part, and so on. Furthermore, we
can define the reverse of i € Cly ,, [19] as;

n

h= 30 (0TE ),

m=0

Therefore, the square norm of h is defined by

IR][* = {nh).
Also, the Clifford conjugate of h € Cl ,, is defined in [1] by

n

R=30 ()",

m=0
Where h means to change in the basis decomposition of & the sign of every vector of negative square
fM = Ealfaleazfagnfamfama 1 S a1 S (6] S S (679 S n, [21]
We now recap the definition of two-sided Clifford- valued Fourier transform and two-sided Clifford-
valued linear canonical transform and recaptulate their basic properties.

Definition 2.1. The two-sided Clifford-valued Fourier transform of any h € L?(R"™,Cly ) is denoted by
F.[h(x)] and is defined in [4] by

k n
Feh(x)](w) = /Rn H exp{— fiz;w; }h(x) H exp{—fjz;w;}d"x, x,w € R".
i=1

j=k+1

Some important properties of the Clifford Fourier transform (2.1) are listed below
(1). For any hq, hy € L*(R",Cly ,,), we have

(2.1) (h1,ha)L2@®n clo.) = <]:c[h1], fc[h2]> .
L2(R™ Clo )

This is called Plancherelformula and for its proof, visit [20]
(2). Every Clifford-valued function h € L*(R",Cl, ) can be reconstructed by the given formula

k n
1
(2.2) h(x) = j/ H exp{ fix;w; } Fe[h(x)] H exp{fjzjw;tdw.
(277) 2 JRrn i1 .
= j=k+1
b
Definition 2.2. [1] Let f,g € Cly,, denote square roots of unity i.e.f> = g> = —1 and 4;, = h dk
Ck O

be a matrix parameter with ay, by, ci,dr, € R and agdy, — brc, = 1 for k = 1,2,...,n, then the two-sided
Clifford-valued linear canonical transform of any Clifford- valued function h € L'(R",Cly ,,) with respect
to f and g is defined by

n

k
(2.3) Le[h(x)](w) = / [T @nwont) T K4, (@5, w))d ™,

R™ j=1 j=k+1
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where x,w € R, b, # 0,1 < k < n and the left and right kernels are respectively given by

1 f kmb;
KL (25,05) = ————ex { (aixf — 2zw; + dywi — Z> } ,
Az( ) (277)ka P 2, 2
1 _ (n—k)mb;
K9, (@i, wi) = (%)nkbjeﬂfp{% ( — 2wjw; + djwj 23>}

The basic properties of Clifford-valued linear canonical transform have been already discussed in [1]
and [18].
Now we are all set to investigate our main work related to two-sided Clifford valued offset linear canonical
transform or special affine Fourier transform.

3. TWO-SIDED CLIFFORD-VALUED SPECIAL AFFINE FOURIER TRANSFORM

This section includes the concept of two-sided Clifford-valued special affine Fourier transform and its
fundamental properties. Let us begin by the definition of two-sided Clifford-valued special affine Fourier
(offset linear canonical) transform.

ap bl Dk

ce  dil aqr
a matrix parameter with ag, by, ¢k, di, Pk, ¢ € R and agdy, — bpc, = 1 for k = 1,2, ..., n, then the two-sided

Clifford-valued offset linear canonical transform of any Clifford- valued function h € L!(R",Cly ) with
respect to f and g is defined by

k
3.1) Ouh(x)] (W) = / T o whix H K5, (5, w;)d

j=k+1

Definition 3.1. Let f,g € Clo,, denote square roots of unity i.e.f?> = g> = —1 and A;, = be

where x,w € R”, b, # 0,1 < k < n and the left and right kernels are respectively given by

1 { 2qu (aiwf2$i(wipz‘)2wi(dipibiQi)+di(w1'2+P?)k7r2bi> }
——¢

K:Ql (xl,wl) )
g 9, oy (n—k)ymb;
1 205 (LJ.L =2z (w;—p;j)—2w;(d;p;—bjq;)+d;(w;+pj) = —5—L

K () = e

It is worth to mention that the Definition 3.1 reduces to the following integral transforms: (i) Two- sided
ag bk‘ 0
Ck dk‘ 0
(ii) Two- sided fractional Clifford-valued Fourier transform when

Clifford valued linear canonical transform when A;, =

171<k<nsee[1].

Ay = cosO,  sinbi| 0

. ,1 <k <mn,see[2].
—sinf cosbi| 0

0 1] 0
~1 0] 0
(iv). If both the kernels are placed on the left or right side of the above Definition 3.1, then we get left or
right sided Clifford-valued special affine Fourier transform.

(iii) Two-sided Clifford-valued Fourier transform when A; = ,1 <k <mn,see[3].

The following theorem investigates the inverse transformation of the proposed two-sided Clifford-valued
special affine Fourier transform (3.1).



Pan-Amer. J. Math. 3 (2024), 18 5

Theorem 3.2. Let Oc[h(x)](w) be the two-sided Clifford-valued special affine Fourier transform of any Clifford-
valued function h € L*(R",Cly ,,), then h(x) can be reconstructed by the formula

(3.2) h(x) = / H;cA (23, w;)Och H K39 (2, wy)d"w.
R™ =1 j=k+1

Proof. Using Definition 3.1, we obtain

/ HICA zi, w;)Oclh H ICA xj,w;)d
R

=1 Jj=k+1

k k n n
— [ Tk @ow) / [Tk wewdnty) TT K% @rwd'y [ Kaf (s, w)d'w
i Nl .

j=k+1 j=k+1

- /. /nU srean{ G (atat = o8) = 2o~ v =) b h(3)

<1l memp{;l])j (a5 (45 = 5) = 20y — @) (w; —pj))}d"Yd"W

j=k+1

X H Memp{% (a](yz — 56]2) + 2p;(y; — m]))

J

ef(ici—yi)%idkwh(y)

T

Rk

w
9(zj—y)) 5L m—k
e 7 b d" " wdy
Rk

——

j=k+1
k 1 _ k
~ [ Tl gy eon{ 5 (ot ) + 200 - yn)} [Tm)bis(y: — wh(y)
n T T 7::1
" 1 r 7L mn
< I mefﬁp{%(%(yf z3) +2p;(y } I @) " b6y, — z)d"y
j=k+ J 7 j=k+1

This completes the proof.

Corollary:
The commutative relationship between the offset linear canonical transform O¢ and its inverse O ' is given

by
(3.3) h(x) = Oc [0z H{h(y)}(W)] (x) = Og " [Oc{h(y)}(W)] (x).

Now we shall investigate some fundamental properties of the proposed two-sided Clifford-valued spe-

cial affine Fourier transform.

Theorem 3.3. (Translation Covariance) For any Clifford-valued function h € L*(R™,Cly ) and t € R", the

following relation holds
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Ocl[h(x-t)](w)

k
= Hexp{Qibi(ait? — 2t (wi — pz))} Oc

ﬁemp{faéﬁti}h(y) ﬁ e:cp{%)y_jtj}} (w)

=1
. g
< 1] ewp{%(ajti — 2t (w; —pj))}-
j=k+1 J

Proof. By using Definition 3.1, we have

k n
(34) Oc[h(xt)] (W) / LKA bt TT KA Gy
i=1 J=kt1

Set x-t =y, so that dx = dy, we have from equation (3.4)
Oc[h(x-t)](w)

k n
:/}Rnnlczi(xi,wi)h(y) [T K%, (ejowp)dny
=1

j=k+1
k
kb,
= / H exp {% (ailyi +t:)? — 2(ys + ti)(w; — ;) — 2w;(dip; — bigi) + dis(w; + p?)) — TZ}
R® - i
1

X Vo h(y)

i=1 2b;
1 f kmb;
X W“P {E <aiy¢2 — 2yi(w; — pi) — 2wi(dipi — bigi) + di(w; + p7) — TZ) }
k n
o {5 ) T e300
i=1 g j=k+1 J

g n — k)mb;
xeap { 22 (a0 = 2wy )~ 20y (s — byag) + s +9) = T
(27‘()”71612]' J

- g
xdy [] exp {i(a]’t? — 2t (w; —Pj))}
N j

k f . o L 2 faiyits
= [ean{ 5 et =2t =} [ TI4 oo TLean { 2252}

1=1
anty) TT ean {2225} T K% )
j=k+1 J j=k+1
- g
X H €$p{£(ajt?_2tj(wj_13j))}
j=k+1 J

oot - 28 s 1 2]

=1 j=k+1 J

lexp{i_(ajtg — 2t (w, —pj))} .

This proves the theorem.
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Theorem 3.4. (Scaling Covariance) For any scaled function hy(x) = h(Ax), A € R, the two-sided Clifford-valued
offset linear canonical transform is given by

(3 Ocl@))(w) = 3-0clry)] ().

’ b ’ ’
where the parameters used in RHS of the equation (3.5) are A, = lak dk|| pk] with A, = %, d, = N\dy.
Ck k' qdk

Proof. Inserting h(x) = hx(x) in Definition 3.1, we have

Oc[hr(x)](w)

k n
:/ [T @owonn) T K4, (@) w))d
; _

s j=kt1
LTI e T () 52

k
1 f yi2 Yi 2 9 kmb;

= — o laiss =25 (wi — pi) — 2wi(dipi — bigi) + di(wi +pi) ——— | r h

/nH\/(%)’“biew{%i(a xe ~ 23 (Wi pi) = 2wi(dipi = bigs) + diwi +p7) = =5 ®

.

1 9 (¥ L
II G, 69617{27%_ (aj)\% =27 (wj = pj) = 2w;i(d;p; — bigj)

"t
(n — k)mb; d"y

. 4 . / ’ . ’
On setting a; = $,d; = X*d;,a; = 54,d; = \*d;, we have

k ’
1 f 2 (wi — ps) w; (dipi — bigi) s (w? o p? k7b;
= —_— Vi — 2y —2— il t+35 ) —
/Rn 1:[1 N { 20, (a’yl VX oo Th{wte 2

- 1 g [ (w —p;) _ w; (dps — bigy)
I A (PP I YOO G M o/ WS Yoot N L Mt
xh(y) /]R . H @) *b, exp { 20, (a‘]yj Yj By By )

/ b / /
where A, — | Ul PR G g Ax = N2y,
Ayl
This ends the proof. O

Corollary (Reflection):
The two-sided Clifford-valued special affine Fourier transform of any function h(—x) is given by

(3.6) Oclh(~x)](w) = (~1)" Oc[h(x)](-w).

We shall now derive the Plancherel theorem for the proposed two-sided Clifford-valued offset linear
canonical transform or special affine Fourier transform (3.1) under the condition fhihy = hihof. Firstly
we shall state a lemma.
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Lemma 3.5. [1] (Plancherel theorem for two-sided Clifford-valued linear canonical tranasform,).
Let L.[h1(x)](w) and L.[hy(x)](w) be the two-sided Clifford LCTs of h (x) and hs(x) € L?(R™,Cly ,,) respectively.
Then we have

(37) <LC [hl(X)](W), L. [h2 (x)](w)>L2(Rn Clo.n) = <hla h2>L2(R",Clom,)
whenever fhiho = hihaf

Theorem 3.6. (Plancherel theorem) Let hy(x) and ha(x) € L*(R™,Cly,,) and their respective two-sided Clifford
offset LCT’s are O.[h1(x)](w) and O.[h1(x)](w), then we have

<OC [hl(x)](w)7 Oc[hl (x)}(w)>L2(R",Clg,n) = <h17 h2>L2(]R",Cl0,,,,)
whenever fhihy = hihs f holds.

Proof. Applying the Definition 3.1, we have
<Oc[h1 (X)} (W), Oc[hl (X)] (w)>L2(R",Cl0m)

~ [ odm @)W wdw

k
- /JRn /n Hi:llci‘i (@5, wi)ha (x) H ICZU (25, w;)d"x

j=k+1
/n H’L 1’C y“wl h2 H ]C y]aw_] d'ﬂydw
j=k+1
/n/n/nHz 1’C (i w)hi () [T K (25,w5)
j=k+1
X H KA yj,w] hg HKA yz>w1)dnxdnydw
j=k+1 i=1
/ / / Hl 1’C (@i, wi)ha (x H K4, (5, w;)
j=k+1
k
x H K yjawg y“wl )d"xd"ydw
j=k+1 Py
[ [ LIk xzwzhmﬁ#
n n n i=1 A ’ ‘ (277)7z—kbj

j=k+1

k
xexp { 2% (a; (2% = y2) = 2(z; — y;)(w; — p;)) } ha(y H T (yi, wi)d"xd™ydw

~ [ LT oo 1T ()b{b( )

+1

k
" H /]R" kexp{ — 43wy = >}d" Fwha(y) [ [ K4/ (v wi)d"xd"yd" w
i=1

j=k+1

/]Rk/n/nHz IICA Iz’wz hl H 27‘(‘ n- kb exp{b:c 7yj }

=k+

‘Q
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X H 277" kb 5( Tj— yj)exp{bg_(xj—yj)pj}hg(y)

j=k+1 J
- g

:/ / / H’Ci(xzawz)hl(x)exp{(x] _yj)pj}h2(y17927~-~7yk’$k+1>~-~733n)
R JRE SRR T ¢ bj

k
< [ K17 (i, wi)d"xd"yd*w
=1

For fhihs = hihaf, the equation extends to
<OC [hl (X)}(W), OC [hl (X)](w)>L2(R",Cl01n)
= / / hi(x)h2 (Y1, Y2, s Yks Tht1, oo, Tn ) ETP {g(l’j - yj)pj}
Rk JRE JR™ J

k
X H K}; (24, wi)K;f(yi, w;)d"xd"yd"w

=1
k
\/]Rk /n hl x)hQ(y1>y27' o Yky Th41y ey mn)emp{l')g '_y] }1:[/ 7,

X exp {% (ai (27 —y?) — 2(2i — yi) (wi — pi)) } d*wd"xd"y

k
T 517 iwi)dxd ydw
=1

k
_ 9 (o a V 1
—/Rk - hl(x)hz(y17y27‘--,yk,fﬂuh---,wn)@wp{Fj(xy _yj)pj}lnl(%)’“bi

xeap { L% (a7 — 42 /ewp T (yi — )i — pi) b d*wdxd"y
2b; RE 2b;

k

g 1
:,/Rk - hl(x)h2(y17y2,~~,yk7$k+17~~~»$n)€$p{bfj(9€j —yj)Pj}Hm

i=1

eon { 20202 =) e { L @i = vp | ombid (s — vy

:/ hi(X)ha(x1, T2, ..., Ty Tht1, -y T )d X
= <h1’h2>L2(R",Cl0,n)'

This ends the proof. O

Corollary (Parseval Formula): If in the above theorem hy = hy = h € L?(R", Cly.n), we get the following
formula known as Parseval formula

2
1O 22 @ cro.y = IBlI72n clo.0)-

4. DIFFERENTIATION THEOREMS AND CONVOLUTION FOR TWO-SIDED CLIFFORD-VALUED SPECIAL
AFFINE FOURIER TRANSFORM

This section begins with the boundedness and continuity of two-sided Clifford-valued special affine
Fourier transform. In order to prove the boundedness, we shall two lemmas which have been already
proved.

Lemma 4.1. [21] Let A € Cl(p, q) and p € Cl(p, q) with p+ q = n be a square root of unity, then
1) Ierun)| < 2\ (14 [uf2)?

Lemma 4.2. [18]. The Clifford-valued linear canonical transform of f € L*(R™,Cly.,,) is bounded and continuous
on R"
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Theorem 4.3. The two-sided Clifford-valued offset linear canonical transform of h € L?*(R™,Cly,,) is bounded and
continuous on R™.

Proof. Using the Definition 3.1, we have

On0Iw)

n

k
_ / [1KA erwih(o T K4, (@5,w5)d"x
i=1

j=k+1
k
s

H \/mew{i( | — 22 (wj — p;) — 2w;(d;pj — bias) + d;(w] + )
J

Jj=k+1

_(nfzk)ﬂbj>}dnx

—k -1
S 2k+n—k/ |27‘(’|T|b1b2bk|T
[Rn

(a: — 2au(ws — pr) — 2wi(dips — bigs) + do(w? + p?) — @) } h(x)

X

kmb
efrp{;;ll (alih 21 (w1 — p1) — 2wi(dipr — biqn) + di (wi +p?) — 7; - } '

X

kb
exp {2% (azfg — 2z3(ws — p2) — 2wa(dapz — bagz) + da(wh + p3) — 7; 2 }

X X

kb
e:rp{gj; (akmk — 2z (wk — pr) — 2wi(drpr — brar) + dk(wk +pk) bk } ’\h

><|27T| |bk+1bk+2 .bn ‘ 2

X

2
(ak+1xk+1 — 2241 (Wet1 — Prt1) — 2Wht1 (drt1Prr1 — brr1qr+1)

n — k)b
+dk 1 (Wig1 + Phgr) — %}
Srio
2bg 42

X |exp

2
(ak+2wk+2 — 222 (Wrt2 — Prt2) — 2Wht2(drt2prre — brreqrre)

(n — k)mbiso }

+dg+2 (wi+2 +pi+2) - B

X... X d"x

(n =yt }

exp { 2J; (anxn 20 (wn = Pn) = 2wn (dnpn — bugn) + dn(wy +pp) =

— -1
SQ”/ |27‘K’|T|b1b2bk|T
Rn

1
2

N[=

(1 Jex)F R (0]
(1+ leksal®) 2 (1 + fen]?) 2 d"x

1
x(1+ |€1|2)5(1 +leal”)
x|2m] E (1 |€k+1| )
T

:/nH

m=1

Therefore, O.[h(x)](w) is bounded.
Now we shall prove the continuity of O.[h(x)](w),

[N

1
—1
|bm\T (1 + |em|2> [h(x)]d"x < oo

\OC ] wew) ~ Oh(0]ow)

k

s

+di(us + wi)2 +p?

<a1xz — 2z (us + wi — p;) — 2(us + wi)(dsps — biqs)

>y
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X l_[ W@Up{% (O’JIJ 2x;(u; +w; — pj) — 2(u; +w;)(dip; — bjq;)

j=k+1 J

b "
t s + ) + ) - 2) ) }arx
u 2 2 kmb;
- H aiw} — 2z (w; — pi) — 2wi(dipi — bigi) + di(wi +pi) — —— ) ¢ h(x)
=1 (2 2 2

X ﬁ ;exp{iej — 2a;(w; — py) — 2w;(d;p; — biq;) + dj(w] + )

i1 V (2m)" R, 2b;

- L fi kb,
/ H ————eap{ 2 ai? — 2xi(wi — pi) — 2wi(dipi — bigi) + di(wi + p7) — : h(x)
RN - b; 2b 2

n o/ (2m)kb; i
< 1] ;ew{ﬁejﬁ — 2a;(w; — p;) — 2w;(d;p; — biq;) + dj(w; + pj)
iV (2m)n Y 2b;

- ! Ji kb
: 2 2, 2 i
H Wexp { 2, <az — 22 (w; — pi) — 2wi(dipi — bigi) + di(wi +p7) — 3 ) } h(x)

=1

— 22 (w; — pj) — 2w; (djp; — bjg;) + dj(w; +p3)

1 fi ( 2
leld vV (2m) kb] { s

)

X {eazp { 2]2 ( — 2x5u; — 2ui(dipi — bigs) + di(ui + 2usw; +p?)> }

xexp ij ( — 2z5u; — 2u;(d;p; — bjg;) + d; (uF + 2ujw; +P§)> } - 1] d"x
j

X ) —(n—h)
() B o (10 10)
n E (27)%|bs| ( ; 11_1 2m)" =k |b,|

X {exp { Zsz ( — 2xiu; — 2ui(dips — biqi) + d,-(uz2 + 2uw; +p?)> }

Xexp{ Ji ( —2zju; — 2u;(dip; — bjq;) + dj(u? + 2ujw; +p§)) } - 1] d"x
]

By Applying the Lebesgue dominated convergence theorem, we have

4.2) lim

u—0

Oulh(x]ww) ~ O,1(x)] ) =0
which proves that O.[h(x)](w) is continuous on R”, which in turn completes the proof of the theorem. [

Before proving the differentiation theorems for the proposed transform, we shall define the notion of
Schwartz space in L*(R",Cl ,,) and state a lemma proved in [1].
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Definition 4.4. Let f € C*(R",Cly,)- the set of all smooth functions, then the Schwartz space in
L*(R™,Cly,,,) is defined as
< oo} s

Lemma 4.5. [1] Let h € S(R",Cly,y,), then for each x5,1 < s < n,n € N, the two-sided Clifford-valued linear
canonical transform (2.2) satisfies the following relations

0% [h(x)]

ogt..0xn

S(R",Clyp) = {f € C*(R"™,Cly,,); sup (1 + |z|*)
x€Rn

where a = (a1, ag,...,a,) ERT xR.. x Rt and k € ZT.

i 0|52 )= L) ) - £

Oh(x)
0x

(i) L. { } (w) = Lo [weh(x)] (w)bi — Lo [xsh(x)] (w) gb“ k+1<s<n.

S S

Theorem 4.6. Let u € S(R™,Cly ), then for each x5,1 < s < n,n € N, the following relations are satisfied by the
two-sided Clifford-valued special affine Fourier transform (3.1)

i 0| %8 w) = Lo.fw. - pyul @) - FE0 el ), 1555k
(i) O, [%‘m (1) = Ou [(w, ~ poJu(e)) () & — O, frou@)) (@), k415 <n.

Proof. We havefor1 <s <k

oc{ig?](w)

b 1 f kmb
— | | 2 9 (i — ) — 2w (dims — bias (w2 2y i
= / | R0 exp { o, (ale 2z (w; — pi) — 2w;(dipi — biq;) + di (w; + p7) D) ) }

k 1 !
/ 7exp{ (aix? —2zi(w; — pi) — 2wi(dspi — bigs)
RII ; 2

+d1(’w12 —|—p?) _ kgbl> }] H K:%] (x],w])dxldxgdxsdxs+1dxn
Jj=k+1

+
- 1 f 2 2 2
11 o P 2 \ 2zi(wi — pi) — 2wi(dipi — bigi) + di(wi + pi)

_@>}u(x) h

- i (exp{ f (aix? — 2z (w; — pi) — 2wi(dipi — biqs)

2b;
2 2 kmb; - g s
+di(w; +p;) — 3 u(x)dzs H ICA], (zj,w;)dx1dzs...dxsdToqi...dTn.

j=k+1
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Hence for any u € S(R",Cly ,,) with u(x) = 0, the above relation yields

rs=to00

k 1 s
U W@x {2b (aml 2z (wi — pi) — 2w;(dips — bigs)

7Tb>} da:S:| H ]C xj,wj dmldmz dzrsdrsyq...dzy,
Jj=k+1

(alml 2z (w; — pi) — 2wi(dips — biqi) + di(w? + p7)

- [ {
_kﬂbi>} (fasxs _ f( e > H K: 33]7’LU] d;mdxz ditsdl’s-i,-l dm"

2 bs
j=k+1

/ HIC Ti, w;) (f(w‘g_ps)—fasx‘g)u(x)ﬁng (w5, w;)d"x
& Ty e bs bs Aj\TI T

- éOC [(ws — ps)u(x)] (W) — fbis O [zsu(x)] (W)

That proves our first part of the theorem.

Similarly for k + 1 < s < n, we have

O, [5;2:)} (w) = O, [(ws — ps)u(x)] (w)i — O, [zsu(x)] (W)

Hence the complete theorem is proved. O
Theorem 4.7. Let u € S(R™,Cly ) and O.[u(x)](w) be its two-sided Clifford-valued offset linear canonical trans-
form, then the following relations hold

() g [O:fu(](w)] = £

1<s<k

20, ()] () - L 0. [(@dp. — baguw)] () - L Oc fru(w)] (),

(1) o [Oclu(@] (@) = O ()] ()5 = Oc [(dupe = b Ju(a)} ()L — O frau(w)] (w)

k+1<s<n

Proof. For 1 < s <k, we have

1 f 2 o o g 22
/, \/Wé‘w { (azwz—2wz(wz—pz)—2wz(dzpz—bzqz)+dz(wi+p¢)

_kgbz)}u(x) H K‘j,j(xj,wj)d"x

j=k+1

k

[ e

{ / (az% 2 (w; — pi) — 2w;(dip; — bigi) + di(w; + p7)
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k‘bz _fs fdss_ss fss
_g)}(bsﬂc_(pbs qs) w )(X)HIC (2, w;)d

J=k+1

n

k
:/RnH’CQi(mhw'i)(_bfxs B f(dspsbs_ et ful;z 5>u(x) H ’Cg\j(x%wj)dnx
i=1

s

j=k+1
= 120, fu,u(] W) = L 00 [(@p. = g Ju0] ) = L O fr.u(0] (W),
Similarly, for £ + 1 < s < n, we have
oo [Ocfu()] (W)
= Ju. |:/n ZI;IIICAl( iy Z) (X)jzlgH (27’1’)"7kbj

B A .
xexp {% (a.il’g 2a;(w; — p;) — 2w (d;p; — bja;) + dj(wy +p;) — %) } d X] ~
J
After following the same steps as in the above case we have
0 ds
o [Oc[u()W)] = Oc [wu(0)] (W) 5= = Oc [(dsps = beg)Ju(x)] (W) - = Oc [esu(0)] (w) -

This completes the proof. O

Now we shall derive the novel convolution theorem for two-sided Clifford-valued special affine Fourier
transform (3.1). To prove that we shall begin with following novel definition.

Definition 4.8. Let u,v € L?(R", Clo,n), then the novel Clifford-valued convolution of u and v is defined by

k

1
~ Jan 11:[1 v/ (2m)kb;

xu(y)v(x -y)

Jlgrl v (2m)—Fb;

(n —27€)7Tbj ) } dy.

Now we shall investigate the convolution theorem associated with (3.1).

u * v(X)

“op { 2€ (2(11( Yi — Qﬁz)yl - 2wl(dlpl - b@(]z) + dz(wf +p?) B ¥> }

————exp { ;; (2%( — x;)y; — 2w;(d;p; — bjq;) + dj(w + p3)—

Theorem 4.9. ( Convolution Theorem)
Let O.u(x)](w) and O.[v(x)](w) be the two-sided Clifford-valued special affine Fourier transforms of w and v re-
spectively. Then we have the following result

Oc [uxv(x)] (w) = Ocfu(x)](w)Oc[v(x)](w)
Proof. By using the Definitions 3.1 and 4.8, we have
O [u * v(x)] (w)

n

k
= /n H’Cgi(l‘i’wi) [u* v(x)] H IC%]_ (25, w;)dx

j=k+1
k k 1 f
= KA (i, wi ————ex { ( i — xi)yi — 2wi(dipi — bigi) + di(wi + p}

) buretey)

f o
1 e (o

y; — 2w; (d;p; — bjq;) + d;(wj +pj)—
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=)o I1 e

kmb;
{f (azxz 2z (w; p¢)—2wi(dip¢—biq¢)+d¢(wi+p?)—ﬂ7>}

{ (2% Yi — Zi)Yi — 2w (dipi — biqs) + di(w? +P12) - kﬂ_bi)}
(27r 2

/R/._ﬁ
ﬁ

)v(X-y)

65610{ ! (2%( — x;)y; — 2w; (d;p; — bgy) + dj(wi + p})—
.7

;lgu v/ (2m)n—Fb;
(117 H ———cx f (a-m2-72:v'(wvf i) — 2w;(d;p; — bjgqy)
1 \/Wb P ] (W5 — Pj a5 D5 545

j=

n — k)mb;
+d;(w] +p3) — %) } dx.

Set x-y=z for all 4, j
Oc [u * v(x)] (w)

/W /R ﬁ\/—kbzem{ T (as(yn + 207 — 20ys + 2w — pi) — 2wi(dips — bigs)

1

kb,
+di(w; + p}) — 7; )}

f< 2 2 Ifﬂbi)}
ex 2ai(—2:i)yi — 2wi(dipi — biqs) + ds(w; + i) —
H\/Tb p{%i (—z)y (dipi = bigi) + ds(w + pi) — =5

2

f 2 2
ex 2a;(—25)y; — 2w;(d;ip; — bjq;) + dj(wj + pj
]lzg_l \/Wb P b; i (—25)y; 5 (djp; i4;) i ( j p])

_(n—k)mb;

2 )} ﬁ ﬁew{%‘j (aj(yf +25)° = 2(y; + 2) (w; — p5)
joir1 V@M

n — k)mb;
—2w;(djp; — bjg;) + dj(w] +p}) — (o= Kby 2) J)}dldy

k
= /n /n u(y H \/7’%1 exp { 2Jl; (ai(y? +22 4 2yizi) — 2(yi + z:)(wi — pi)

i=1

kmb;
—2w; (dsp; — biqs) + di(w; erz?) - WT) }

f( 2 2 k‘ﬂ'bz>}
ex 2ai(—2zi)yi — 2wi(dipi — biqi) + di(w; + p;) —
Hﬁb p{ g (200w = 2l — b + ol 4) -

J 111 \/Wb ewp{ / (2%( 23)y; — 2w;(d;p; — bja;) + dj (Wi +pj)
=R\ T L S (P 2 oy e ) — 20y + 2 ) (w — p
D) jzlgrl N exrp 2, a; (Y5 + 25 +2y;2;) — 2(y; + 25)(w; — pj)
—2w;(d;p; — bjgz) + dj(w] +pj) — %) } dzdy
On further simplifying we get,
Oc [u* v(x)] (w)

k

11 ﬁeggp{

kmb;
(azyz 2yi (wi — pi) — 2wi(dips — biqi) + di(wi + p;) — L) }
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- 1 g 2 2 2
XU ——exp{ — | a;y; — 2y;(w; — p;) — 2w;(dip; — biq;) + d;(w; + p5
(Y)/R H @mn—*, p{%j( iYj y;(w; — p;) i(dip; — bigs) + dj(wy + pj)

2
k 1 f kmb
2 2 2 i
||7 | aizi = 2zi(wi — pi) — 2wi(dipi — biqi i(W; i) T T
x/}Rﬂ iemp{zbi(az zi(w; — p;) w;(dip; — biqi) + di(w; + p;) 5 )}

- 1
xu(y) /n 11 1 Welp {% (%'2;2' — 2z;(w; — p;) — 2w;(d;p; — bsg;) + ds(w] + )

This completes the proof. O

5. CONCLUSION

In this article, we have derived the following objectives: First, we have introduced the novel transform,
that is Clifford valued special affine Fourier transform and studied its fundamental properties along with
Plancherelformula. Secondly, we studied boundedness, continuity and differentiation theorems for the pro-
posed transform. Finally we have introduced a novel Clifford convolution and the corresponding theorem
has been also derived.

Competing interests. The authors declare no competing interests.

REFERENCES

[1] A. A. Teali, F. A.Shah, Two-sided Clifford-valued linear canonical transform: Properties and Mustard convolution, Adv. Appl.
Clifford Algebras 33 (2023), 18.
[2] H. Yang, H. Shi, Z. Li, Two-sided fractional Clifford-Fourier transformation, Complex Var. Elliptic Equ. 67 (2021), 2130-2151.
[3] E. Hitzer, General steerable two-sided Clifford Fourier transform, convolution and mustard convolution, Adv. Appl. Clifford
Algebras, 27 (2017), 2215-2234.
[4] H. Shi, H. Yang, Z. Li, Y. Qiao, Fractional Clifford - Fourier transform and its application, Adv. Appl. Clifford algebra, 30 (2020),
68.
[5] J.J. Healy, M.A. Kutay, H.M. Ozaktas, J.T. Sheridan, Linear canonical transforms, Springer, New York, 2016.
[6] L. Debnath, F.A. Shah, Wavelet transforms and their applications, Birkhauser, New York, 2015.
[7] T.Z. Xu, B.Z. Li, Linear canonical transform and its applications, Science Press, Beijing, 2013.
[8] D. Wei, Y.M. Li, Generalized wavelet transform based on convolution operator in the linear canonical transform domain, Optik
125 (2014), 4491-4496.
[9] D. Urynbassarova, B.Z. Li, R. Tao, Convolution and Correlation theorems for Wigner-Ville distribution associated with offset
linear canonical transform, Optik 157 (2018), 455-466.
[10] M.E. Kassimi, Y.E. Haoui, S. Fahlaoui, The Wigner- Ville distributions associated with the quaternion offset linear canonical
transform, Anal. Math. 45 (2019), 787-802.
[11] Q. Xiang, K. Qin, Convolution, correlation and sampling theorems for the offset linear canonical transform, Signal Image Video
Process. 8 (2014), 433-442.
[12] G. Sommer, Geometric computing with Clifford algebras, Springer, Berlin, 2001.
[13] E. Hitzer, T. Nitta, Y. Kuroe, Applications of Clifford geometric algebra, Adv. Appl. Clifford Algebras, 23 (2013), 377-404.
[14] F. Brackx, The Clifford Fourier transform, Fourier Anal. Appl. 6 (2005), 668-681.
[15] E.Hitzer, M. Mawardi, Clifford Fourier transform on multi-vector fields and uncertainty principles for dimensions n = 2 mod(4)
and n = 3 mod (4), Adv. Appl. Clifford Algebras, 18 (2008), 715-736.
[16] H. D. Bie, N. Schepper, The fractional Clifford-Fourier transform, Complex Anal. Oper. Theory, 6 (2012), 1047-1067.
[17] H.Shi, L. Gao, Y. Xie, Y. Qiao, Uncertainty principles of the fractional Clifford-Fourier transform, Math. Meth. Appl. Sci. 46 (2023),
16105-16125.
[18] F.A.Shah, A.A. Teali, Clifford-valued linear canonical transform:convolution and uncertainty principles, Optik 256 (2022), 169436.



Pan-Amer. J. Math. 3 (2024), 18 17

[19] E. Hitzer, Quaternion and Clifford Fourier transforms, CRS Press, 2022.

[20] E. Hitzer, M. Bahri, Clifford Fourier transform on multivector fields and uncertainty principle for dimensions n = 2(mod 4) and
n = 3 (mod 4), Adv. Appl. Clifford Algebras, 18 (2008), 715-736.

[21] Y. Haoui, S. Fahlaoui, Donoho-Stark’s uncertainty principles in real Clifford algebras, Adv. Appl. Clifford Algebras 29 (2019), 94.

[22] M.Y. Bhat, A.H. Dar, I. Nurhidayat, S. Pinelas, Uncertainty principles for the two-sided quaternion windowed quadratic-phase
Fourier transform, Symmetry 14 (2022), 2650.

[23] M.Y. Bhat, A.H. Dar, The two-sided short-time quaternionic offset linear canonical transform and associated convolution and
correlation, Math. Meth. Appl. Sci. 46 (2023), 8478-8495.

[24] S. Rafiq, M.Y. Bhat, Clifford-valued linear canonical wave-packet transform and corresponding uncertainty principles, J. Pseudo-
Diff. Oper. Appl. 15 (2024), 1-37.

[25] M.Y. Bhat, S. Rafiq, M. Zayed, Wigner—Ville distribution associated with Clifford geometric Algebra Cl,, o,n = 3(mod4) based
on Clifford-Fourier transform, Symmetry 15 (2023), 1421.

[26] A.H. Dar, M.Y. Bhat, Wigner distribution and associated uncertainty principles in the framework of octonion linear canonical
transform, Optik 272 (2023), 170213.



	1. Introduction
	2. Preliminaries
	3. Two-sided Clifford-valued Special Affine Fourier Transform
	4. Differentiation Theorems and Convolution for Two-sided Clifford-valued Special Affine Fourier Transform
	5. Conclusion 
	Competing interests

	References

