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TWO-SIDED CLIFFORD-VALUED SPECIAL AFFINE FOURIER TRANSFORM: PROPERTIES AND
ASSOCIATED CONVOLUTION

SHAHBAZ RAFIQ AND M. YOUNUS BHAT∗

ABSTRACT. The primary focus of the present study is to analyse the Clifford-valued functions by introducing
the notion of a two-sided Clifford-valued special affine Fourier transform in L2(Rn, Cl0,n). Firstly we propose
the novel definition of the Clifford-valued special affine Fourier transform and derive its fundamental proper-
ties which include inversion formula, translation covariance, scaling covariance and Plancherel formula. Sub-
sequently we introduce the boundedness, continuity and differentiation theorems for the proposed transform.
Finally we culminate our investigation by deriving the convolution for this newly proposed transform.

1. INTRODUCTION

In the theory of signal processing the Fourier transform has been widely used for the description of
the input-output relationships of the linear filters [6] but unfortunately its applications got restricted due
to at least two reasons: first it gives no information about the occurrence of the frequency component at
a specific time; second it does not deal with the geometric features of the signals to be analysed. Due
to this unavoidable fact some new transformations came into being, which include the fractional Fourier
transform, chirp-based integral transform, linear canonical transform, LCT(affine Fourier transform) [5]
and the six parameteric (a, b, c, d, p, q) special affine Fourier transform or offset Fourier transform which is

a generalization of linear canonical transform. For a matrix parameter A =

[
a b| p

c d| q

]
, the special affine

Fourier transform (SAFT)of any signal h is defined as

(1.1) OA[h(x)](w) =
∫
h(x)KA(x,w)dx

where KA(x,w) denotes the kernel of the SAFT and is given by

(1.2) KA(x,w) =
1√
2πib

exp

{
i

2b

(
ax2 − 2x(w − p)− 2w(dp− bq) + d(w2 + p2)

)}
with ad− bc = 1 and b 6= 0.
As a special case one can easily get linear canonical transform, LCT [7, 8, 22, 23, 26]. The application part of
SAFT is similar to LCT but due to extra two parameters of SAFT, it is more general and flexible than LCT.
Therefore, it has attained more popularity in signal and image processing [9–11].
It is well known that multi-variate signals are inherited by some qualitative geometric features,however,
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the quaternion algebra has a limitation to deal with such geometric features and is therefore not suitable
for an excellent detection of the edges and corners which arise in multi-dimensional or higher dimensional
signals. To address such limitations a new theory came into existence, that is the theory of Clifford algebra,
which is not only characterized by advantages of both the Grassmann exterior algebra and Hamiltons al-
gebra of quaternions but also inherits a function theory which is a higher dimensional analog of the theory
of holomorphic functions of one complex variable.
The Clifford algebra is an associative non-commutative algebra having zero divisors that includes the alge-
braic properties of real numbers, complex numbers and quaternions along with the geometric properties of
Grassman algebra [12, 24, 25]. From the last two decades, the Clifford algebra has attained a special status
in the analysis of higher dimensional signals due to the fact that such algebras encompass all dimensions at
once unlike to the multi-dimensional tensorial approach with tensor products of one-dimensional phenom-
ena [13]. Such as Brackx et al in. [14] constructed a pair of Clifford-Fourier transforms based on the operator
exponentials in the framework of Clifford analysis and Hitzer and Bahri [15] have constructed a general-
ized real Fourier transform for Clifford multivector- valued functions for n = 2, 3( mod4) over Rn. They
not only studied the basis properties of the proposed transform but also formulated several inequalities in
the Clifford-Fourier domain. Later on it was De Bie and De Schepper [16] who have introduced Fractional
Fourier transform based on two numerical parameters α and β and have obtained an explicit expression for
the kernel in terms of Bessel functions. Recently, Haipan Shi et al. [17] derived uncertainty principles of the
fractional Clifford-Fourier transform and Shie et al. [4] proposed a new version of fractional Clifford Fourier
transform and derived its several properties, especially formulated a new differentiation theorem.In the re-
cent times, yang et al. [18] have introduced the notion of the two-sided fractional Clifford-Fourier transform
and constructed a relationship of it with the two-sided Clifford Fourier transform. Very recently Shah and
Teali [18] studied the Clifford-valued linear canonical transform, convolution and its uncertainty principles
and discussed the basic properties of two-sided Clifford-valued linear canonical transform and derived the
mustard convolution.
Keeping in mind the more generality and more flexibility of the special affine transform and profound
characteristics of Clifford algebra, we are deeply motivated to introduce a novel integral transform called
as two-sided Clifford- valued special affine Fourier transform.
The rest of the sequence of the article is as follows: Section 2 deals briefly with preliminary aspects of
the Clifford algebra, definition and basic properties of Clifford Fourier transform. Section 3 is concerned
with the novel definition of two-sided Clifford-valued special affine Fourier transform and its fundamen-
tal properties. In section 4, boundedness, continuity and differentiation theorems for this novel transform
have been discussed. The convolution associated with two-sided Clifford-valued special affine transform
is also formulated in section 4. Finally, a conclusion is derived in Section 5.

2. PRELIMINARIES

In this section, we shall remind the basic notions of Clifford algebra which are going to serve as a building
block for the subsequent developments.
The Clifford algebra Cl0,n is an associative but non-commutative algebra generated by the orthonormal
basis {f1, f2, ..., fn} of the n dimensional Euclidean space Rn executed by the multiplication rule:

fifj + fjfi = −2δij , i, j = 1, 2, ..., n,

where δij denotes the Kronecker’s delta function. Generally speaking, every element of a Clifford algebra
is called a multi-vector and a multi-vector h ∈ Cl0,n can be expressed in the following form:
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h =
∑
M

hMfM = 〈h〉0 + 〈h〉1 + ...+ 〈h〉n, hM ∈ R, M ⊂ {1, 2, ..., n} ,

where fM = fi1fi2 ...fik and i1 ≤ i2 ≤ ...ik. Further 〈.〉k is called as the grade k- part of h. In particular
〈.〉0, 〈.〉1, 〈.〉2,... respectively called as the scalar part, vector part, bivector part, and so on. Furthermore, we
can define the reverse of h ∈ Cl0,n [19] as;

h̃ =

n∑
m=0

(−1)
m(m−1)

2 〈h〉m.

Therefore, the square norm of h is defined by

‖h‖2 = 〈hh̃〉.

Also, the Clifford conjugate of h ∈ Cl0,n is defined in [1] by

h =
n∑

m=0

(−1)
m(m−1)

2 〈h〉m.

Where h means to change in the basis decomposition of h the sign of every vector of negative square
fM = εα1

fα1
εα2

fα2
...εαmfαm , 1 ≤ α1 ≤ α2 ≤ ... ≤ αm ≤ n, [21].

We now recap the definition of two-sided Clifford- valued Fourier transform and two-sided Clifford-
valued linear canonical transform and recaptulate their basic properties.

Definition 2.1. The two-sided Clifford-valued Fourier transform of any h ∈ L2(Rn, Cl0,n) is denoted by
Fc[h(x)] and is defined in [4] by

Fc[h(x)](w) =

∫
Rn

k∏
i=1

exp{−fixiwi}h(x)
n∏

j=k+1

exp{−fjxjwj}dnx, x,w ∈ Rn.

Some important properties of the Clifford Fourier transform (2.1) are listed below
(1). For any h1, h2 ∈ L2(Rn, Cl0,n), we have

(2.1) 〈h1, h2〉L2(Rn,Cl0,n) =

〈
Fc[h1],Fc[h2]

〉
L2(Rn,Cl0,n)

.

This is called Plancherelformula and for its proof, visit [20]
(2). Every Clifford-valued function h ∈ L2(Rn, Clo,n) can be reconstructed by the given formula

(2.2) h(x) =
1

(2π)
n
2

∫
Rn

k∏
i=1

exp{fixiwi}Fc[h(x)]
n∏

j=k+1

exp{fjxjwj}dw.

Definition 2.2. [1] Let f, g ∈ Cl0,n denote square roots of unity i.e.f2 = g2 = −1 and Ak =

[
ak bk

ck dk

]
be a matrix parameter with ak, bk, ck, dk ∈ R and akdk − bkck = 1 for k = 1, 2, ..., n, then the two-sided
Clifford-valued linear canonical transform of any Clifford- valued function h ∈ L1(Rn, Cl0,n) with respect
to f and g is defined by

(2.3) Lc[h(x)](w) =

∫
Rn

k∏
i=1

KfAi(xi, wi)h(x)
n∏

j=k+1

KgAj (xj , wj)d
nx,
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where x,w ∈ Rn, bk 6= 0, 1 ≤ k ≤ n and the left and right kernels are respectively given by

KfAi(xi, wi) =
1√

(2π)kbi
exp

{
f

2bi

(
aix

2
i − 2xiwi + diw

2
i −

kπbi
2

)}
,

KgAj (xi, wi) =
1√

(2π)n−kbj
exp

{
g

2bj

(
ajx

2
j − 2xjwj + djw

2
j −

(n− k)πbj
2

)}
.

The basic properties of Clifford-valued linear canonical transform have been already discussed in [1]
and [18].
Now we are all set to investigate our main work related to two-sided Clifford valued offset linear canonical
transform or special affine Fourier transform.

3. TWO-SIDED CLIFFORD-VALUED SPECIAL AFFINE FOURIER TRANSFORM

This section includes the concept of two-sided Clifford-valued special affine Fourier transform and its
fundamental properties. Let us begin by the definition of two-sided Clifford-valued special affine Fourier
(offset linear canonical) transform.

Definition 3.1. Let f, g ∈ Cl0,n denote square roots of unity i.e.f2 = g2 = −1 and Ak =

[
ak bk| pk

ck dk| qk

]
be

a matrix parameter with ak, bk, ck, dk, pk, qk ∈ R and akdk − bkck = 1 for k = 1, 2, ..., n, then the two-sided
Clifford-valued offset linear canonical transform of any Clifford- valued function h ∈ L1(Rn, Cl0,n) with
respect to f and g is defined by

(3.1) Oc[h(x)](w) =

∫
Rn

k∏
i=1

KfAi(xi, wi)h(x)
n∏

j=k+1

KgAj (xj , wj)d
nx,

where x,w ∈ Rn, bk 6= 0, 1 ≤ k ≤ n and the left and right kernels are respectively given by

KfAi(xi, wi) =
1√

(2π)kbi
e

 f
2bi

(
aix

2
i−2xi(wi−pi)−2wi(dipi−biqi)+di(w

2
i+p

2
i )−

kπbi
2

)
,

KgAj (xi, wi) =
1√

(2π)n−kbj
e

 g
2bj

(
ajx

2
j−2xj(wj−pj)−2wj(djpj−bjqj)+dj(w

2
j+p

2
j )−

(n−k)πbj
2

)
.

It is worth to mention that the Definition 3.1 reduces to the following integral transforms: (i) Two- sided

Clifford valued linear canonical transform when Ak =

[
ak bk| 0

ck dk| 0

]
, 1 ≤ k ≤ n see [1].

(ii) Two- sided fractional Clifford-valued Fourier transform when

Ak =

[
cosθk sinθk| 0

−sinθk cosθk| 0

]
, 1 ≤ k ≤ n, see [2].

(iii) Two-sided Clifford-valued Fourier transform when Ak =

[
0 1| 0

−1 0| 0

]
, 1 ≤ k ≤ n, see [3].

(iv). If both the kernels are placed on the left or right side of the above Definition 3.1, then we get left or
right sided Clifford-valued special affine Fourier transform.
The following theorem investigates the inverse transformation of the proposed two-sided Clifford-valued
special affine Fourier transform (3.1).
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Theorem 3.2. Let Oc[h(x)](w) be the two-sided Clifford-valued special affine Fourier transform of any Clifford-
valued function h ∈ L2(Rn, Cl0,n), then h(x) can be reconstructed by the formula

(3.2) h(x) =
∫
Rn

k∏
i=1

K−fAi (xi, wi)OC [h(y)](w)

n∏
j=k+1

K−gAj (xj , wj)d
nw.

Proof. Using Definition 3.1, we obtain

∫
Rn

k∏
i=1

K−fAi (xi, wi)OC [h(y)](w)

n∏
j=k+1

K−gAj (xj , wj)d
nw

=

∫
Rn

k∏
i=1

K−fAi (xi, wi)
∫
Rn

k∏
i=1

KfAi(yi, wi)h(y)
n∏

j=k+1

KgAj (yj , wj)d
ny

n∏
j=k+1

K−gAj (xj , wj)d
nw

=

∫
Rn

∫
Rn

k∏
i=1

1

(2π)kbi
exp

{
−f
2bi

(
ai(x

2
i − y2i )− 2(xi − yi)(wi − pi)

)}
h(y)

×
n∏

j=k+1

1

(2π)n−kbj
exp

{
g

2bj

(
aj(y

2
j − x2j )− 2(yj − xj)(wj − pj)

)}
dnydnw

=

∫
Rn

k∏
i=1

1

(2π)kbi
exp

{
−f
2bi

(
ai(x

2
i − y2i ) + 2pi(xi − yi)

)}∫
Rk
e
f(xi−yi)

wi
bi dkwh(y)

×
n∏

j=k+1

1

(2π)n−kbj
exp

{
g

2bj

(
aj(y

2
j − x2j ) + 2pj(yj − xj)

)}∫
Rk
e
g(xj−yj)

wj
bj dn−kwdny

=

∫
Rn

k∏
i=1

1

(2π)kbi
exp

{
−f
2bi

(
ai(x

2
i − y2i ) + 2pi(xi − yi)

)} k∏
i=1

(2π)kbiδ(yi − xi)h(y)

×
n∏

j=k+1

1

(2π)n−kbj
exp

{
g

2bj

(
aj(y

2
j − x2j ) + 2pj(yj − xj)

)} n∏
j=k+1

(2π)n−kbjδ(yj − xj)dny

=

∫
Rn

k∏
i=1

exp

{
−f
2bi

(
ai(x

2
i − y2i ) + 2pi(xi − yi)

)} k∏
i=1

δ(yi − xi)h(y)

×
n∏

j=k+1

exp

{
g

2bj

(
aj(y

2
j − x2j ) + 2pj(yj − xj)

)} n∏
j=k+1

δ(yj − xj)dny

= h(x).

This completes the proof. �

Corollary:
The commutative relationship between the offset linear canonical transformOC and its inverseO−1C is given
by

(3.3) h(x) = OC
[
O−1C {h(y)}(w)

]
(x) = O−1C [OC{h(y)}(w)] (x).

Now we shall investigate some fundamental properties of the proposed two-sided Clifford-valued spe-
cial affine Fourier transform.

Theorem 3.3. (Translation Covariance) For any Clifford-valued function h ∈ L2(Rn, Cl0,n) and t ∈ Rn, the
following relation holds
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OC [h(x-t)](w)

=

k∏
i=1

exp

{
f

2bi
(ait

2
i − 2ti(wi − pi))

}
OC

 k∏
i=1

exp

{
faiyiti
bi

}
h(y)

n∏
j=k+1

exp

{
gajyjtj
bj

} (w)

×
n∏

j=k+1

exp

{
g

2bj
(ajt

2
j − 2tj(wj − pj))

}
.

Proof. By using Definition 3.1, we have

(3.4) OC [h(x-t)](w) =

∫
Rn

k∏
i=1

KfAi(xi, wi)h(x-t)
n∏

j=k+1

KgAj (xj , wj)d
nx.

Set x-t = y, so that dx = dy, we have from equation (3.4)

OC [h(x-t)](w)

=

∫
Rn

k∏
i=1

KfAi (xi, wi)h(y)
n∏

j=k+1

KgAj (xj , wj)d
ny

=

∫
Rn

k∏
i=1

exp

{
f

2bi

(
ai(yi + ti)

2 − 2(yi + ti)(wi − pi)− 2wi(dipi − biqi) + di(wi + p2i )
)
−
kπbi

2

}
×

1√
(2π)kbi

h(y)

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
g

2bj

(
aj(yj + tj)

2 − 2(yj + tj)(wj − pj)− 2wj(djpj − bjqj)

+dj(wj + p2j )
)
−

(n− k)πbj
2

}
dny

=

k∏
i=1

exp

{
f

2bi
(ait

2
i − 2ti(wi − pi))

}

×
1√

(2π)kbi
exp

{
f

2bi

(
aiy

2
i − 2yi(wi − pi)− 2wi(dipi − biqi) + di(wi + p2i )−

kπbi

2

)}

×
k∏
i=1

exp

{
faiyiti

bi

}
h(y)

n∏
j=k+1

exp

{
gajyjtj

bj

}

×
1√

(2π)n−kbj

exp

{
g

2bj

(
ajy

2
j − 2yj(wj − pj)− 2wj(djpj − bjqj) + dj(wj + p2j )−

(n− k)πbj
2

)}

×dny
n∏

j=k+1

exp

{
g

2bj
(ajt

2
j − 2tj(wj − pj))

}

=

k∏
i=1

exp

{
f

2bi
(ait

2
i − 2ti(wi − pi))

}∫
Rn

k∏
i=1

KfAi (yi, wi)
k∏
i=1

exp

{
faiyiti

bi

}

×h(y)
n∏

j=k+1

exp

{
gajyjtj

bj

} n∏
j=k+1

KgAi (yj , wj)

×
n∏

j=k+1

exp

{
g

2bj
(ajt

2
j − 2tj(wj − pj))

}

=

k∏
i=1

exp

{
f

2bi
(ait

2
i − 2ti(wi − pi))

}
OC

 k∏
i=1

exp

{
faiyiti

bi

}
h(y)

n∏
j=k+1

exp

{
gajyjtj

bj

} (w)

×
n∏

j=k+1

exp

{
g

2bj
(ajt

2
j − 2tj(wj − pj))

}
.

This proves the theorem. �
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Theorem 3.4. (Scaling Covariance) For any scaled function hλ(x) = h(λx), λ ∈ R+, the two-sided Clifford-valued
offset linear canonical transform is given by

(3.5) Oc[hλ(x)](w) =
1

λn
OC [h(y)]

(w
λ

)
,

where the parameters used in RHS of the equation (3.5) are Ak′ =

[
ak′ bk| pk

ck dk′ | qk

]
with A

′

k = Ak
λ , d

′

k = λ2dk.

Proof. Inserting h(x) = hλ(x) in Definition 3.1, we have

Oc[hλ(x)](w)

=

∫
Rn

k∏
i=1

KfAi(xi, wi)h(λx)
n∏

j=k+1

KgAj (xj , wj)d
nx

=

∫
Rn

k∏
i=1

KfAi
(yi
λ
,wi
)
h(y)

n∏
j=k+1

KgAj
(yj
λ
,wj

) dny
λn

=

∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
ai
y2i
λ2
− 2

yi
λ
(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}
h(y)

×
∫
Rn

n∏
j=k+1

1√
(2π)n−kbj

exp

{
g

2bj

(
aj
y2j
λ2
− 2

yj
λ
(wj − pj)− 2wj(djpj − bjqj)

+dj(w
2
j + p2j )−

(n− k)πbj
2

)}
dny
λn

.

On setting a
′

i =
ai
λ2 , d

′

i = λ2di, a
′

j =
aj
λ2 , d

′

j = λ2dj , we have

Oc[hλ(x)](w)

=

∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
a
′
iy

2
i − 2yi

(wi − pi)
λ

− 2
wi
λ

(d
′
ipi − biqi)

λ
+ d

′
i

(
w2
i

λ2
+
p2i
λ2

)
− kπbi

2

)}

×h(y)
∫
Rn

n∏
j=k+1

1√
(2π)n−kbj

exp

{
g

2bj

(
a
′
jy

2
j − 2yj

(wj − pj)
λ

− 2
wj
λ

(d
′
jpj − bjqj)

λ

+d
′
j

(
w2
j

λ2
+
p2j
λ2

)
− (n− k)πbj

2

)}
dny
λn

=

∫
Rn

k∏
i=1

Kf
A
′
i

(
yi,

wi
λ

)
h(y)

∫
Rn

n∏
j=k+1

Kf
A
′
j

(
yj ,

wj
λ

) dny
λn

=
1

λn
OC [h(y)]

(w
λ

)
where Ak′ =

[
ak′ bk| pk

ck dk′ | qk

]
with A

′

k = Ak
λ , d

′

k = λ2dk.

This ends the proof. �

Corollary (Reflection):
The two-sided Clifford-valued special affine Fourier transform of any function h(−x) is given by

(3.6) Oc[h(−x)](w) = (−1)nOC [h(x)](-w).

We shall now derive the Plancherel theorem for the proposed two-sided Clifford-valued offset linear
canonical transform or special affine Fourier transform (3.1) under the condition fh1h2 = h1h2f . Firstly
we shall state a lemma.
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Lemma 3.5. [1] (Plancherel theorem for two-sided Clifford-valued linear canonical tranasform).
Let Lc[h1(x)](w) and Lc[h1(x)](w) be the two-sided Clifford LCTs of h1(x) and h2(x) ∈ L2(Rn, Cl0,n) respectively.
Then we have

(3.7)
〈
Lc[h1(x)](w), Lc[h2(x)](w)

〉
L2(Rn,Cl0,n)

=
〈
h1, h2

〉
L2(Rn,Cl0,n)

whenever fh1h2 = h1h2f

Theorem 3.6. (Plancherel theorem) Let h1(x) and h2(x) ∈ L2(Rn, Cl0,n) and their respective two-sided Clifford
offset LCT’s are Oc[h1(x)](w) and Oc[h1(x)](w), then we have

〈
Oc[h1(x)](w), Oc[h1(x)](w)

〉
L2(Rn,Cl0,n)

=
〈
h1, h2

〉
L2(Rn,Cl0,n)

whenever fh1h2 = h1h2f holds.

Proof. Applying the Definition 3.1, we have〈
Oc[h1(x)](w),Oc[h1(x)](w)

〉
L2(Rn,Cl0,n)

=

∫
Rn
Oc[h1(x)](w)Oc[h2(y)](w)dw

=

∫
Rn

∫
Rn

∏k

i=1
KfAi(xi, wi)h1(x)

n∏
j=k+1

KgAj (xj , wj)d
nx

×
∫
Rn

∏k

i=1
KfAi(yi, wi)h2(y)

n∏
j=k+1

KgAj (yj , wj)dnydw

=

∫
Rn

∫
Rn

∫
Rn

∏k

i=1
KfAi(xi, wi)h1(x)

n∏
j=k+1

KgAj (xj , wj)

×
n∏

j=k+1

Kg
Aj

(yj , wj)h2(y)
k∏
i=1

Kf
Ai
(yi, wi)d

nxdnydw

=

∫
Rn

∫
Rn

∫
Rn

∏k

i=1
KfAi(xi, wi)h1(x)

n∏
j=k+1

KgAj (xj , wj)

×
n∏

j=k+1

K−gAj (yj , wj)h2(y)
k∏
i=1

K−fAi (yi, wi)d
nxdnydw

=

∫
Rn

∫
Rn

∫
Rn

∏k

i=1
KfAi(xi, wi)h1(x)

n∏
j=k+1

1

(2π)n−kbj

×exp
{
g

2bj

(
aj(x

2
j − y2j )− 2(xj − yj)(wj − pj)

)}
h2(y)

k∏
i=1

K−fAi (yi, wi)d
nxdnydw

=

∫
Rk

∫
Rn

∫
Rn

∏k

i=1
KfAi(xi, wi)h1(x)

n∏
j=k+1

1

(2π)n−kbj
exp

{
gaj
2bj

(x2j − y2j )
}

×
n∏

j=k+1

∫
Rn−k

exp

{
−g
bj

(xj − yj)(wj − pj)
}
dn−kwh2(y)

k∏
i=1

K−fAi (yi, wi)d
nxdnydkw

=

∫
Rk

∫
Rn

∫
Rn

∏k

i=1
KfAi(xi, wi)h1(x)

n∏
j=k+1

1

(2π)n−kbj
exp

{
gaj
2bj

(x2j − y2j )
}
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×
n∏

j=k+1

(
(2π)n−kbj

)
δ(xj − yj)exp

{
g

bj
(xj − yj)pj

}
h2(y)

k∏
i=1

K−fAi (yi, wi)d
nxdnydkw

=

∫
Rk

∫
Rk

∫
Rn

k∏
i=1

KfAi(xi, wi)h1(x)exp
{
g

bj
(xj − yj)pj

}
h2(y1, y2, ..., yk, xk+1, ..., xn)

×
k∏
i=1

K−fAi (yi, wi)d
nxdnydkw

For fh1h2 = h1h2f , the equation extends to〈
Oc[h1(x)](w),Oc[h1(x)](w)

〉
L2(Rn,Cl0,n)

=

∫
Rk

∫
Rk

∫
Rn
h1(x)h2(y1, y2, ..., yk, xk+1, ..., xn)exp

{
g

bj
(xj − yj)pj

}
×

k∏
i=1

Kf
Ai

(xi, wi)K
−f
Ai

(yi, wi)d
nxdnydkw

=

∫
Rk

∫
Rn
h1(x)h2(y1, y2, ..., yk, xk+1, ..., xn)exp

{
g

bj
(xj − yj)pj

} k∏
i=1

∫
Rk

1

(2π)kbi

×exp
{
f

2bi

(
ai(x

2
i − y2i )− 2(xi − yi)(wi − pi)

)}
dkwdnxdky

=

∫
Rk

∫
Rn
h1(x)h2(y1, y2, ..., yk, xk+1, ..., xn)exp

{
g

bj
(xj − yj)pj

} k∏
i=1

1

(2π)kbi

×exp
{
fai
2bi

(x2i − y2i )
}∫

Rk
exp

{
f

2bi
(yi − xi)(wi − pi)

}
dkwdnxdky

=

∫
Rk

∫
Rn
h1(x)h2(y1, y2, ..., yk, xk+1, ..., xn)exp

{
g

bj
(xj − yj)pj

} k∏
i=1

1

(2π)kbi

×exp
{
fai
2bi

(x2i − y2i )
}
exp

{
f

bi
(xi − yi)pi

}
(2π)kbiδ(xi − yi)dnxdky

=

∫
Rn
h1(x)h2(x1, x2, ..., xk, xk+1, ..., xn)d

nx

=
〈
h1, h2

〉
L2(Rn,Cl0,n)

.

This ends the proof. �

Corollary (Parseval Formula): If in the above theorem h1 = h2 = h ∈ L2(Rn, Cl0,n), we get the following
formula known as Parseval formula

‖Oc[h]‖2L2(Rn,Cl0,n) = ‖h‖
2
L2(Rn,Cl0,n).

4. DIFFERENTIATION THEOREMS AND CONVOLUTION FOR TWO-SIDED CLIFFORD-VALUED SPECIAL

AFFINE FOURIER TRANSFORM

This section begins with the boundedness and continuity of two-sided Clifford-valued special affine
Fourier transform. In order to prove the boundedness, we shall two lemmas which have been already
proved.

Lemma 4.1. [21] Let λ ∈ Cl(p, q) and µ ∈ Cl(p, q) with p+ q = n be a square root of unity, then

(4.1) |λe−µu(x,y)| ≤ 2n|λ|
(
1 + |µ|2

) 1
2

Lemma 4.2. [18]. The Clifford-valued linear canonical transform of f ∈ L2(Rn, Cl0,n) is bounded and continuous
on Rn
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Theorem 4.3. The two-sided Clifford-valued offset linear canonical transform of h ∈ L2(Rn, Cl0,n) is bounded and
continuous on Rn.

Proof. Using the Definition 3.1, we have∣∣∣∣Oc[h(x)](w)

∣∣∣∣
=

∣∣∣∣ ∫
Rn

k∏
i=1

KfAi(xi, wi)h(x)
n∏

j=k+1

KgAj (xj , wj)d
nx
∣∣∣∣

=

∣∣∣∣ ∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
fi
2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}
h(x)

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
fj
2bj

(
ajx

2
j − 2xj(wj − pj)− 2wj(djpj − bjqj) + dj(w

2
j + p2j )

− (n− k)πbj
2

)}
dnx
∣∣∣∣

≤ 2k+n−k
∫
Rn
|2π|

−k
2 |b1b2...bk|

−1
2

×
∣∣∣∣exp{ f1

2b1

(
a1x

2
1 − 2x1(w1 − p1)− 2w1(d1p1 − b1q1) + d1(w

2
1 + p21)−

kπb1
2

} ∣∣∣∣
×
∣∣∣∣exp{ f2

2b2

(
a2x

2
2 − 2x2(w2 − p2)− 2w2(d2p2 − b2q2) + d2(w

2
2 + p22)−

kπb2
2

} ∣∣∣∣
×...×

∣∣∣∣exp{ fk
2bk

(
akx

2
k − 2xk(wk − pk)− 2wk(dkpk − bkqk) + dk(w

2
k + p2k)−

kπbk
2

} ∣∣∣∣|h(x)|
×|2π|

−n+k
2 |bk+1bk+2...bn|

−1
2

×
∣∣∣∣exp{ fk+1

2bk+1

(
ak+1x

2
k+1 − 2xk+1(wk+1 − pk+1)− 2wk+1(dk+1pk+1 − bk+1qk+1)

+dk+1(w
2
k+1 + p2k+1)−

(n− k)πbk+1

2

} ∣∣∣∣
×
∣∣∣∣exp{ fk+2

2bk+2

(
ak+2x

2
k+2 − 2xk+2(wk+2 − pk+2)− 2wk+2(dk+2pk+2 − bk+2qk+2)

+dk+2(w
2
k+2 + p2k+2)−

(n− k)πbk+2

2

} ∣∣∣∣
×...×

∣∣∣∣exp{ fn
2bn

(
anx

2
n − 2xn(wn − pn)− 2wn(dnpn − bnqn) + dn(w

2
n + p2n)−

(n− k)πbn
2

} ∣∣∣∣dnx

≤ 2n
∫
Rn
|2π|

−k
2 |b1b2...bk|

−1
2

×(1 + |e1|2)
1
2 (1 + |e2|2)

1
2 ...(1 + |ek|2)

1
2 |h(x)|

×|2π|
−n+k

2 (1 + |ek+1|2)
1
2 (1 + |ek+2|2)

1
2 ...(1 + |en|2)

1
2 dnx

=

∫
Rn

n∏
m=1

∣∣∣∣ 2π
∣∣∣∣n2 |bm|−1

2

(
1 + |em|2

) 1
2

|h(x)|dnx <∞

Therefore, Oc[h(x)](w) is bounded.
Now we shall prove the continuity of Oc[h(x)](w),∣∣∣∣Oc[h(x)](u+w)−Oc[h(x)](w)

∣∣∣∣
=

∣∣∣∣ ∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
fi
2bi

(
aix

2
i − 2xi(ui + wi − pi)− 2(ui + wi)(dipi − biqi)

+di[(ui + wi)
2 + p2i ]−

kπbi
2

)}
h(x)
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×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
fj
2bj

(
ajx

2
j − 2xj(uj + wj − pj)− 2(uj + wj)(djpj − bjqj)

+dj [(uj + wj)
2 + p2j ]−

(n− k)πbj
2

)}
dnx

−
∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
fi
2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}
h(x)

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
fj
2bj

(
ajx

2
j − 2xj(wj − pj)− 2wj(djpj − bjqj) + dj(w

2
j + p2j )

− (n− k)πbj
2

)}
dnx
∣∣∣∣

=

∣∣∣∣ ∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
fi
2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}
h(x)

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
fj
2bj

(
ajx

2
j − 2xj(wj − pj)− 2wj(djpj − bjqj) + dj(w

2
j + p2j )

− (n− k)πbj
2

)}
×
[
exp

{
fi
2bi

(
− 2xiui − 2ui(dipi − biqi) + di(u

2
i + 2uiwi + p2i )

)}
×exp

{
fj
2bj

(
− 2xjuj − 2uj(djpj − bjqj) + dj(u

2
j + 2ujwj + p2j )

)}
− 1

]
dnx
∣∣∣∣

≤
∫
Rn

∣∣∣∣ k∏
i=1

1√
(2π)kbi

exp

{
fi
2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}
h(x)

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
fj
2bj

(
ajx

2
j − 2xj(wj − pj)− 2wj(djpj − bjqj) + dj(w

2
j + p2j )

− (n− k)πbj
2

)} ∣∣∣∣
×
∣∣∣∣[exp{ fi

2bi

(
− 2xiui − 2ui(dipi − biqi) + di(u

2
i + 2uiwi + p2i )

)}
×exp

{
fj
2bj

(
− 2xjuj − 2uj(djpj − bjqj) + dj(u

2
j + 2ujwj + p2j )

)}
− 1

]∣∣∣∣dnx

≤
∫
Rn

k∏
i=1

2n√
(2π)k|bi|

(
1 + |fi|2

)−k
2

h(x)
n∏

j=k+1

1√
(2π)n−k|bj |

(
1 + |fj |2

)−(n−k)
2

×
∣∣∣∣[exp{ fi

2bi

(
− 2xiui − 2ui(dipi − biqi) + di(u

2
i + 2uiwi + p2i )

)}
×exp

{
fj
2bj

(
− 2xjuj − 2uj(djpj − bjqj) + dj(u

2
j + 2ujwj + p2j )

)}
− 1

]∣∣∣∣dnx

By Applying the Lebesgue dominated convergence theorem, we have

(4.2) lim
u→0

∣∣∣∣Oc[h(x)](u+w)−Oc[h(x)](w)

∣∣∣∣ = 0

which proves that Oc[h(x)](w) is continuous on Rn, which in turn completes the proof of the theorem. �

Before proving the differentiation theorems for the proposed transform, we shall define the notion of
Schwartz space in L2(Rn, Cl0,n) and state a lemma proved in [1].
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Definition 4.4. Let f ∈ C∞(Rn, Cl0,n)- the set of all smooth functions, then the Schwartz space in
L2(Rn, Cl0,n) is defined as

S(Rn, Cl0,n) =
{
f ∈ C∞(Rn, Cl0,n); sup

x∈Rn

(
1 + |x|k

) ∣∣∣∣∂
∑
αi [h(x)]

∂α1
x1 ...∂

αn
xn

∣∣∣∣ <∞} ,
where α = (α1, α2, ..., αn) ∈ R+ × R...× R+ and k ∈ Z+.

Lemma 4.5. [1] Let h ∈ S(Rn, Cl0,n), then for each xs, 1 ≤ s ≤ n, n ∈ N, the two-sided Clifford-valued linear
canonical transform (2.2) satisfies the following relations

(i) Lc
[
∂h(x)
∂xs

]
(w) =

f

bs
Lc [wsh(x)] (w)− fas

bs
Lc [xsh(x)] (w), 1 ≤ s ≤ k

(ii) Lc
[
∂h(x)
∂xs

]
(w) = Lc [wsh(x)] (w)

g

bs
− Lc [xsh(x)] (w)

gas
bs
, k + 1 ≤ s ≤ n.

Theorem 4.6. Let u ∈ S(Rn, Cl0,n), then for each xs, 1 ≤ s ≤ n, n ∈ N, the following relations are satisfied by the
two-sided Clifford-valued special affine Fourier transform (3.1)

(i) Oc
[
∂u(x)
∂xs

]
(w) =

f

bs
Oc [(ws − ps)u(x)] (w)− fas

bs
Oc [xsu(x)] (w), 1 ≤ s ≤ k

(ii) Oc
[
∂u(x)
∂xs

]
(w) = Oc [(ws − ps)u(x)] (w)

g

bs
−Oc [xsu(x)] (w)

gas
bs
, k + 1 ≤ s ≤ n.

Proof. We have for 1 ≤ s ≤ k

Oc
[
∂u(x)
∂xk

]
(w)

=

∫
Rn

k∏
i=1

KfAi(xi, wi)
∂u(x)
∂xk

n∏
j=k+1

KgAj (xj , wj)d
nx

=

∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}

×∂u(x)
∂xk

n∏
j=k+1

KgAj (xj , wj)d
nx

=

∫
Rn−1

[∫
R

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi)

+di(w
2
i + p2i )−

kπbi
2

)}] n∏
j=k+1

KgAj (xj , wj)dx1dx2...dxsdxs+1...dxn

=

∫
Rn−1

[
k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )

−kπbi
2

)}
u(x)

∣∣∣∣xs=∞
xs=−∞

−
∫

∂

∂xs

(
exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi)

+di(w
2
i + p2i )−

kπbi
2

)})
u(x)dxs

] n∏
j=k+1

KgAj (xj , wj)dx1dx2...dxsdxs+1...dxn.
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Hence for any u ∈ S(Rn, Cl0,n) with u(x)
∣∣∣∣
xs=±∞

= 0, the above relation yields

Oc
[
∂u(x)
∂xk

]
(w)

= −
∫
Rn

∂

∂xs

[
k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi)

+di(w
2
i + p2i )−

kπbi
2

)}
u(x)dxs

] n∏
j=k+1

KgAj (xj , wj)dx1dx2...dxsdxs+1...dxn

= −
∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )

−kπbi
2

)}(
fasxs
bs

− f(ws − ps)
bs

)
u(x)

n∏
j=k+1

KgAj (xj , wj)dx1dx2...dxsdxs+1...dxn

=

∫
Rn

k∏
i=1

KfAi(xi, wi)
(
f(ws − ps)

bs
− fasxs

bs

)
u(x)

k∏
i=1

KgAj (xj , wj)d
nx

=
f

bs
Oc [(ws − ps)u(x)] (w)− fas

bs
Oc [xsu(x)] (w)

That proves our first part of the theorem.
Similarly for k + 1 ≤ s ≤ n, we have

Oc
[
∂u(x)
∂xk

]
(w) = Oc [(ws − ps)u(x)] (w)

g

bs
−Oc [xsu(x)] (w)

gas
bs

Hence the complete theorem is proved. �

Theorem 4.7. Let u ∈ S(Rn, Cl0,n) and Oc[u(x)](w) be its two-sided Clifford-valued offset linear canonical trans-
form, then the following relations hold

(i)
∂

∂ws
[Oc[u(x)](w)] =

fds
bs
Oc [wsu(x)] (w)− f

bs
Oc [(dsps − bsqs)u(x)] (w)− f

bs
Oc [xsu(x)] (w),

1 ≤ s ≤ k

(ii)
∂

∂ws
[Oc[u(x)](w)] = Oc [wsu(x)] (w)

gds
bs
−Oc [(dsps − bsqs)u(x)] (w)

g

bs
−Oc [xsu(x)] (w)

g

bs

k + 1 ≤ s ≤ n

Proof. For 1 ≤ s ≤ k, we have

∂

∂ws
[Oc[u(x)](w)]

=
∂

∂ws

[∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )

− kπbi
2

)}
u(x)

n∏
j=k+1

KgAj (xj , wj)d
nx

]

=

∫
Rn

k∏
i=1

1√
(2π)kbi

∂

∂ws
exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )

− kπbi
2

)}
u(x)

n∏
j=k+1

KgAj (xj , wj)d
nx

=

∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )
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− kπbi
2

)}(
−fxs
bs
− f(dsps − bsqs)

bs
+
fwsds
bs

)
u(x)

n∏
j=k+1

KgAj (xj , wj)d
nx

=

∫
Rn

k∏
i=1

KfAi(xi, wi)
(
−fxs
bs
− f(dsps − bsqs)

bs
+
fwsds
bs

)
u(x)

n∏
j=k+1

KgAj (xj , wj)d
nx

=
fds
bs
Oc [wsu(x)] (w)− f

bs
Oc [(dsps − bsqs)u(x)] (w)− f

bs
Oc [xsu(x)] (w).

Similarly, for k + 1 ≤ s ≤ n, we have
∂

∂ws
[Oc[u(x)](w)]

=
∂

∂ws

[∫
Rn

k∏
i=1

KfAi(xi, wi)u(x)
n∏

j=k+1

1√
(2π)n−kbj

×exp
{
f

2bj

(
ajx

2
j − 2xj(wj − pj)− 2wj(djpj − bjqj) + dj(w

2
j + p2j )−

(n− k)πbj
2

)}
dnx

]
.

After following the same steps as in the above case we have
∂

∂ws
[Oc[u(x)](w)] = Oc [wsu(x)] (w)

gds
bs
−Oc [(dsps − bsqs)u(x)] (w)

g

bs
−Oc [xsu(x)] (w)

g

bs

This completes the proof. �

Now we shall derive the novel convolution theorem for two-sided Clifford-valued special affine Fourier
transform (3.1). To prove that we shall begin with following novel definition.

Definition 4.8. Let u, v ∈ L2(Rn, Cl0,n), then the novel Clifford-valued convolution of u and v is defined by

u ∗ v(x) =

∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
2ai(yi − xi)yi − 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}
×u(y)v(x-y)

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
f

2bj

(
2aj(yj − xj)yj − 2wj(djpj − bjqj) + dj(w

2
j + p2j )−

(n− k)πbj
2

)}
dy.

Now we shall investigate the convolution theorem associated with (3.1).

Theorem 4.9. ( Convolution Theorem)
Let Oc[u(x)](w) and Oc[v(x)](w) be the two-sided Clifford-valued special affine Fourier transforms of u and v re-
spectively. Then we have the following result

Oc [u ∗ v(x)] (w) = Oc[u(x)](w)Oc[v(x)](w)

Proof. By using the Definitions 3.1 and 4.8, we have

Oc [u ∗ v(x)] (w)

=

∫
Rn

k∏
i=1

KfAi(xi, wi) [u ∗ v(x)]
n∏

j=k+1

KgAj (xj , wj)dx

=

∫
Rn

∫
Rn

k∏
i=1

KfAi(xi, wi)
k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
2ai(yi − xi)yi − 2wi(dipi − biqi) + di(w

2
i + p2i )

−kπbi
2

)}
u(y)v(x-y)

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
f

2bj

(
2aj(yj − xj)yj − 2wj(djpj − bjqj) + dj(w

2
j + p2j )−
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(n− k)πbj
2

)}
dy

n∏
j=k+1

KgAj (xj , wj)dx

=

∫
Rn

∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aix

2
i − 2xi(wi − pi)− 2wi(dipi − biqi) + di(wi + p2i )−

kπbi
2

)}

×
k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
2ai(yi − xi)yi − 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}
×u(y)v(x-y)

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
f

2bj

(
2aj(yj − xj)yj − 2wj(djpj − bjqj) + dj(w

2
j + p2j )−

(n− k)πbj
2

)}
dy

n∏
j=k+1

1√
(2π)n−kbj

exp

{
f

2bj

(
(ajx

2
j − 2xj(wj − pj)− 2wj(djpj − bjqj)

+dj(w
2
j + p2j )−

(n− k)πbj
2

)}
dx.

Set x-y=z for all i, j

Oc [u ∗ v(x)] (w)

=

∫
Rn

∫
Rn
u(y)v(z)

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
ai(yi + zi)

2 − 2(yi + zi)(wi − pi)− 2wi(dipi − biqi)

+di(wi + p2i )−
kπbi
2

)}
×

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
2ai(−zi)yi − 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
f

2bj

(
2aj(−zj)yj − 2wj(djpj − bjqj) + dj(w

2
j + p2j )

− (n− k)πbj
2

)} n∏
j=k+1

1√
(2π)n−kbj

exp

{
f

2bj

(
aj(yj + zj)

2 − 2(yj + zj)(wj − pj)

−2wj(djpj − bjqj) + dj(w
2
j + p2j )−

(n− k)πbj
2

)}
dzdy

=

∫
Rn

∫
Rn
u(y)v(z)

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
ai(y

2
i + z2i + 2yizi)− 2(yi + zi)(wi − pi)

−2wi(dipi − biqi) + di(wi + p2i )−
kπbi
2

)}
×

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
2ai(−zi)yi − 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}

×
n∏

j=k+1

1√
(2π)n−kbj

exp

{
f

2bj

(
2aj(−zj)yj − 2wj(djpj − bjqj) + dj(w

2
j + p2j )

− (n− k)πbj
2

)} n∏
j=k+1

1√
(2π)n−kbj

exp

{
f

2bj

(
aj(y

2
j + z2j + 2yjzj)− 2(yj + zj)(wj − pj)

−2wj(djpj − bjqj) + dj(w
2
j + p2j )−

(n− k)πbj
2

)}
dzdy

On further simplifying we get,

Oc [u ∗ v(x)] (w)

=

∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aiy

2
i − 2yi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}
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×u(y)
∫
Rn

n∏
j=k+1

1√
(2π)n−kbj

exp

{
g

2bj

(
ajy

2
j − 2yj(wj − pj)− 2wj(djpj − bjqj) + dj(w

2
j + p2j )

− (n− k)πbj
2

)}
dy

×
∫
Rn

k∏
i=1

1√
(2π)kbi

exp

{
f

2bi

(
aiz

2
i − 2zi(wi − pi)− 2wi(dipi − biqi) + di(w

2
i + p2i )−

kπbi
2

)}

×v(y)
∫
Rn

n∏
j=k+1

1√
(2π)n−kbj

exp

{
g

2bj

(
ajz

2
j − 2zj(wj − pj)− 2wj(djpj − bjqj) + dj(w

2
j + p2j )

− (n− k)πbj
2

)}
dz

= Oc[u(x)](w)Oc[v(x)](w).

This completes the proof. �

5. CONCLUSION

In this article, we have derived the following objectives: First, we have introduced the novel transform,
that is Clifford valued special affine Fourier transform and studied its fundamental properties along with
Plancherelformula. Secondly, we studied boundedness, continuity and differentiation theorems for the pro-
posed transform. Finally we have introduced a novel Clifford convolution and the corresponding theorem
has been also derived.
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