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A B S T R A C T   

In this paper, a novel quadratic phase S-transform (QPST) is proposed, by generalizing the S-transform (ST) with 
five parameters a, b, c,d and e. QPST displays the time and quadratic phase domain-frequency information jointly 
in the time-frequency plane. Firstly, we define the novel QPST and give its relation with quadratic phase Fourier 
transform (QPFT). Secondly, several important properties of newly defined QPST, such as conjugation, trans-
lation, modulation, orthogonality relation and reconstruction formula are derived. Finally, we formulate several 
classes of uncertainty inequalities, such as the Heisenberg uncertainty inequality and logarithmic uncertainty 
inequality.   

1. Introduction 

To avail the local characteristics of non-stationary signals the time- 
frequency analysis tools viz : short-time Fourier transform (STFT) [1], 
Wigner-Ville distribution [2], Ambiguity function and wavelet trans-
form (WT) [3] plays an important role. However these tools have a 
major drawback as they suffer from cross-term interference, low reso-
lution and other issues. In order to overcome these drawbacks a series of 
signal processing tools have been proposed including S-transform (ST) 
[4], the fractional Fourier transform (FRFT) [5], the fractional S-trans-
form (FRST) [6], the linear canonical transform (LCT) [7], the linear 
canonical S-transform (LCST) [8], and so on [9–15]. 

In 1996 R.G. Stockwell et al. [16] proposed S-transform by 
combining the merits wavelet transform and short-time Fourier trans-
form, with moving and scalable window function. The 1-D continuous 
S-transform of any signal f(x) is given as [17] 

S φf (ξ,w) =
∫

R

f (t)φ(ξ − x,w)e− 2πiwxdx, (1.1)  

where φ is a window function and is taken so that 
∫

R
φ(x,w)dx = 1 for 

every non-zero real number w. In the context of time-frequency analysis, 
the S-transform provides more exact local characteristics of non- 
stationary signals. ST has gained much popularity in last decades 
because of its applications in several fields of engineering, geo-physis, 

optics, bio-informatics, gravitational waves, and signal processing in 
general [18–22]. Although ST is one of the promising tool for the 
analysis of non-stationary signals, but it is incompetent for the analysis 
of chirp like signals whose energy is not well concentrated in the fre-
quency domain. 

The quadratic phase Fourier transform (QPFT)which is a neoteric 
addition to the class of Fourier transforms and embodies a variety of 
signal processing tools including the Fourier, fractional Fourier, linear 
canonical and special affine Fourier transform. QPFT provides a unified 
treatment of both the transient and non-transient signals in a simple and 
insightful fashion. The QPFT was first introduced by Castro et al.[23] as: 

Q Ω[f ](w) =
∫

R

f (x)K Ω(x,w)dx (1.2)  

where K Ω(x,w) denotes the quadratic-phase Fourier kernel and is given 
by 

K Ω(x,w) =
1̅̅
̅̅̅

2π
√ ei(ax2+bxw+cw2+dx+ew). (1.3)  

where a, b, c, d, e ∈ R, b ∕= 0. These arbitrary real parameters present in 
(1.3) are of great importance as their choice sense of rotation as well as 
shift can be inculcated in both the axis of time and frequency domain. 
Hence can be used in better analysis of non-stationary signals which are 
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employed in radar and other communication systems. Due to its global 
kernel and extra degrees of freedom, the QPFT has arrived an efficient 
tool in solving several problems arising in diverse branches of science 
and engineering, including harmonic analysis, image processing, sam-
pling, reproducing kernel Hilbert spaces and so on [24–26]. However, 
due its global kernel the QPFT can not reveal quadractic phase spectrum 
of some non-stationary signals. Recently, different generalized versions 
of QPFT have been introduced to improve the performance in concen-
tration [see [27–31]]. 

Keeping in view the fascinating applications of the S-transforms the 
authors generalize ST to various novel integral transforms including 
linear canonical S-transform, fractional S-transform, and so on [32–34]. 
They have attained a much more attention of the engineering and signal 
processing community. But to the best of our knowledge theory about 
quadratic-phase S-transform (QPST) have never been proposed up to 
date, therefore it is worthwhile to study the theory of QPST based on the 
ST and QPFT, which can be productive for signal processing theory and 
applications. Therefore, the cynosure of this paper is to rigorously study 
the QPST. 

1.1. Paper contributions 

The contributions of this paper are summarized below:  

• We introduce a novel integral transform coined as the quadratic 
phase S-transform.  

• We establish the fundamental relationship between the proposed 
transform (QPST) and the quadratic phase Fourier transform (QPFT).  

• To study the fundamental properties of the proposed transform, 
including the conjugation, translation, modulation, orthogonality 
relation and inversion formula.  

• To formulate several classes of uncertainty principles, such as the 
Heisenberg uncertainty principle and the logarithmic uncertainty 
principle associated with the quadratic phase S-transform. 

1.2. Paper outlines 

The paper is organized as follows: In Section 2, we introduce the 
novel quadractic phase S- transform and present its relation with 
quadractic phase Fourier transform, then several important properties of 
the novel QPST, including translation, modulation, orthogonality rela-
tion and reconstruction formula are derived. In Section 3, we establish 

Heisenberg-type uncertainty principle and logarithmic uncertainty 
principle associated with the proposed QPST. Finally, a conclusion is 
drawn in Section 4. 

2. Quadratic phase S-Transform 

In this section we define the novel quadratic phase S-transform 
(QPST) which is an extension of S-transform and quadratic phase 
Fourier transform. 

Definition 2.1. Let φ be a non-zero window function in L2(R) and Ω =
(a, b, c, d, e), b ∕= 0 be a given parameter set, then the quadratic phase S- 
transform of any signal f ∈ L2(R) with respect to φ is denoted by 
S

Ω
φ f(ξ,w) and defined as 

S
Ω
φ f (ξ,w) =

∫

R

f (x)φ(ξ − x,w)K Ω(x,w)dx (2.1)  

where K Ω(x,w) is given in (1.3). 

Remark 2.1. By varying the parameter Ω = (a, b, c, d, e), Definition 2.1 
gives birth to some of the prominent integral transforms as indicated 
below:  

• For Ω = (a/2b, − 1/b, c/2b,0,0) and multiplying the RHS of (2.1) by 
1/

̅̅̅̅
ib

√
, Definition 2.1 boils down to the linear canonical S-transform 

[8]: 

S
Ω
φ f (ξ,w) =

1
̅̅̅̅̅̅̅̅̅
2πib

√

∫

R

f (x)φ(ξ − x,w)ei 1
2b(ax2 − 2xw+cw2)dx. (2.2)    

• For Ω = (cotα/2, − cscα/2, cotθ/2,0,0), α ∕= nπ and multiplying the 
RHS of (2.1) by 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − icotα

√
, Definition 2.1 yields the fractional S- 

transform [6]: 

S
Ω
φ f (ξ,w) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − icotα

2π

√ ∫

R

f (x)φ(ξ − x,w)e
i
2(x2+w2)cotα− iwxcscαdx. (2.3)    

• For Ω = (0,1, − 1, 0,0), Definition 2.1 yields the classical S-transform 
[16]. Now we establish the fundamental relationship between 
QPST and the QPFT as: 

S
Ω
φ f (ξ,w) = Q Ω[f (x)ϕ(ξ − x,w)](w, ξ) (2.4)  

Applying inverse QPFT, we get 

f (x)ϕ(ξ − x,w) = Q − Ω
[
S

Ω
φ f (ξ,w)

]

=
|b|
̅̅̅̅̅
2π

√

∫

R

S
Ω
φ f (ξ,w)e− i(ax2+bxw+cw2+dx+ew)dw.

(2.5) 

Moreover, if φ ∈ L1 ∩ L2(R) satisfies 
∫

R
φ(ξ − x,w)dξ = 1 then for 

every f ∈ L2(R), the QPST defined in (2.1) reduces to the QPFT (1.2) as 
follows: 
∫

R

S
Ω
φ f (ξ,w)dξ =

∫

R2
f (x)φ(ξ − x,w)K Ω(x,w)dξdx

=
1̅̅
̅̅̅

2π
√

∫

R

f (x)ei(ax2+bxw+cw2+dx+ew)dx
∫

R

φ(ξ − x,w)dξ

= Q Ω[f ](w).

Prior to establishing the vital properties of the proposed QPST, we 
present an explicit example for lucid illustration of the proposed Defi-
nition 2.1: 

Consider the Gaussian function f(x) = e− iax2
, then the QPST of f(x)

with respect to the real parameter set Ω = (a, b, c, d, e), b ∕= 0 and the 
normalized window function 

φ(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1, if −
1
2
≤ x1 ≤

1
2
,

0, elsewhere

(2.6)  

can be computed as 
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S
Ω
φ f (ξ,w) =

1̅̅
̅̅̅

2π
√

∫ v+
1
2

v−
1
2

ei(bxw+cw2+dx+ew)dx

=
eicw2+iew

̅̅̅̅̅
2π

√

∫ v+
1
2

v−
1
2

ei(bw+d)xdx

=
ei(bwv+cw2+dv+ew)

(bw + d)
̅̅̅̅̅
2π

√
(

e
i
(bw + d)

2 − e
− i
(bw + d)

2
)

We are now ready to investigate some of the fundamental properties 
of the proposed QPST. In this direction, we have the following theorem 
which assembles some of the basic properties of the proposed QPST 
defined in (2.1). 

Theorem 2.2. Let φ, f ∈ L2(R), where ϕ is a window function, then 
quadratic phase S-transform defined in (2.1) satisfies the following 
properties: 

(i)Linearity: S Ω
φ [αf + βg](ξ,w) = αS

Ω
φ f(ξ,w)+ βS

Ω
φ g(ξ,w).

(ii)Conjugation: S φ
Ωf(ξ,w) = S

− Ω
φ f(ξ,w).

(iii)Pairity: S Ω
Pφ[Pf ](ξ,w) = S

Ω′

φ [f ](− ξ, − w),Pf(x) = f(− x) and Ω′

=

(a,b, c, − d, − e).
(iv)Translation: S Ω

φ [τx0 f ](ξ,w) = ei(ax2
0 

+bwx0 + dx0
)
S

Ω
φ [F](ξ − x0,w),

τx0 f(x) = f(x − x0) and F(t) = ei2ax0 t f(t).
(v)Modulation: S Ω

φ [M w0 f ](ξ,w)

= e
− i

[

c
b2w2

0+2 c
bw0w+e

bw0

]

1̅̅
̅̅̅̅

2π
√

∫

R

f(x)φ(ξ − x,w)K Ω

(
x,w+

w0

b

)
dx,

M w0 f(x) = eiw0xf(x).

Proof. (i) We omit proof of (i) as it is a direct consequence of the 
Definition 2.1. 

(ii) From (2.1), we have 

S φ
Ωf (ξ,w) =

∫

R
f (x)φ(ξ − x,w)K Ω(x,w)dx

=
1̅̅
̅̅̅

2π
√

∫

R

f (x)φ(ξ − x,w)ei(ax2+bxw+cw2+dx+ew)dx

=

∫

R

f (x)φ(ξ − x,w)e− i(ax2+bxw+cw2+dx+ew)dx

=

∫

R

f (x)φ(ξ − x,w)K − Ω(x,w)dx

= S
− Ω
φ f (ξ,w).

(iii) From the Definition 2.1, It follows 

S
Ω
Pφ[Pf ](ξ,w)

=

∫

R

Pf (x)Pφ(ξ− x,w)K Ω(x,w)dx

=
1̅̅
̅̅̅

2π
√

∫

R

f (− x)φ(− ξ− (− x),− w)ei(ax2+bxw+cw2+dx+ew)dx

=
1̅̅
̅̅̅

2π
√

∫

R

f (− x)φ(− ξ− (− x),− w)ei[a(− x)2+b(− x)(− w)+c(− w)2+(− d)(− x)+(− e)(− w)]dx

=S
Ω′

φ [f ](− ξ,− w), where Ω
′

=(a,b,c,− d,− e).

(iv) Let φ,f∈L2(R), then we have 

S
Ω
φ

[
τx0 f

]
(ξ,w)

=
1̅̅
̅̅̅

2π
√

∫

R

f (x − x0)φ(ξ − x,w)ei(ax2+bxw+cw2+dx+ew)dx

=
1̅̅
̅̅̅

2π
√

∫

R

f (t)φ(ξ − (t + x0),w)ei[a(t+x0)
2+b(t+x0)w+cw2+d(t+x0)+ew]dt

=
1̅̅
̅̅̅

2π
√

∫

R

f (t)φ(ξ − x0) − t,w)ei(at2+btw+cw2+dt+ew]

×ei(ax2
0+2ax0 t+bwx0+dx0)dt

= ei(ax2
0+bwx0+dx0) 1̅̅

̅̅̅
2π

√

∫

R

ei2ax0 t f (t)φ(ξ − x0) − t,w)ei(at2+btw+cw2+dt+ew)dt

= ei(ax2
0+bwx0+dx0) 1̅̅

̅̅̅
2π

√

∫

R

F(t)φ(ξ − x0) − t,w)ei(at2+btw+cw2+dt+ew]dt

= ei(ax2
0+bwx0+dx0)S

Ω
φ [F](ξ − x0,w).

(v) From the Definition of QPST, we get 

S
Ω
φ

[
M w0 f

]
(ξ,w)

=
1̅̅
̅̅̅

2π
√

∫

R

eiw0xf (x)φ(ξ − x,w)ei(ax2+bxw+cw2+dx+ew)dx

=
1̅̅
̅̅̅

2π
√

∫

R

f (x)φ(ξ − x,w)e
i

[
ax2+bx

(
w+w0

b

)
+cw2+dx+ew

]

dx

=
1̅̅
̅̅̅

2π
√

∫

R

f (x)φ(ξ − x,w)e
i

[

ax2+bx

(
w+w0

b

)
+c

(
w+w0

b

)2

+dx+e

(
w+w0

b

)]

×e
− i

[

c
b2w2

0+2 c
bw0w+e

bw0

]

dx

= e
− i

[

c
b2w2

0+2 c
bw0w+e

bw0

]

1̅̅
̅̅̅

2π
√

∫

R

f (x)φ(ξ − x,w)K Ω

(
x,w +

w0

b

)
dx.

This completes the proof of the theorem.□ 

Theorem 2.3. (Orthogonality relation) Let S Ω
φ f1(ξ,w) and S Ω

φ f2(ξ,w)

be the quadratic phase S-transform of the signals f1, f2 ∈ L2(R), respectively. 
Then 
∫

R2
S

Ω
φ f1(ξ,w)S Ω

φ f2(ξ,w)dwdξ =
1
b

〈

f1

∫

R

|φ(ξ,w)|2dξ, f2

〉

. (2.7)  
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Proof. From definition of QPST, we conclude that  

Which completes the proof.□ 

Remark 2.4. If we take f1 = f2 = f , the Theorem 2.3 yields 
∫

R2
|S

Ω
φ f (ξ,w)|2dwdξ =

1
b
‖ f ‖2

∫

R

|φ(ξ,w)|2dξ. (2.8)   

Theorem 2.5. (Reconstruction formula) Every signal f ∈ L2(R) can be 
recovered back from the quadratic phase S-transform by the formula 

f (x) =
b

C ϕ
̅̅̅̅̅
2π

√

∫

R2
S

Ω
φ f1(ξ,w)φ(ξ − x,w)e− i(ax2+bxw+cw2+dx+ew)dξdw, (2.9)  

where C ϕ =
∫

R
|φ(ξ,w)|

2dξ.

Proof. From Theorem 2.3,we have 

1
b

〈

f1

∫

R

|φ(ξ,w)|2dξ, f2

〉

=

∫

R2
S

Ω
φ f1(ξ,w)S Ω

φ f2(ξ,w)dwdξ

=
1̅̅
̅̅̅

2π
√

∫

R2
S

Ω
φ f1(ξ,w)

∫

R

f2(x)φ(ξ − x,w)e− i(ax2+bxw+cw2+dx+ew)dxdξdw

=
1̅̅
̅̅̅

2π
√

∫

R3
S

Ω
φ f1(ξ,w)φ(ξ − x,w)e− i(ax2+bxw+cw2+dx+ew)f2(x)dxdξdw

=

〈∫

R2
S

Ω
φ f1(ξ,w)φ(ξ − x,w)

1̅̅
̅̅̅

2π
√ e− i(ax2+bxw+cw2+dx+ew)dξdw, f2(x)

〉

.

(2.10)  

As (2.10) is valid for all f2 ∈ L2(R), we have 

f1

∫

R

|φ(ξ,w)|2dξ =
b̅̅
̅̅̅

2π
√

∫

R2
S

Ω
φ f1(ξ,w)φ(ξ − x,w)e− i(ax2+bxw+cw2+dx+ew)dξdw

(2.11)  

Equivalently, 

f1 =
b

C ϕ
̅̅̅̅̅
2π

√

∫

R2
S

Ω
φ f1(ξ,w)φ(ξ − x,w)e− i(ax2+bxw+cw2+dx+ew)dξdw. (2.12)  

Which completes the proof.□ 

3. Uncertainty principle 

In this section based on the fundamental relationship between QPST 
and QPFT, we investigate Heisenberg uncertainty principle and loga-
rithmic uncertainty principle associated with the proposed QPST. 

Theorem 3.1. (QPFT Heisenberg inequality [27])  Let Q Ω[f ] be the 
quadratic-phase Fourier transform of any signal f ∈ L2(R), then the 
following inequality holds: 
∫

R

w2|Q Ω[f ](w)|2dw
∫

R

x2|f (x)|2dx ≥
1

4b2

(∫

R

|f (x)|2dx
)2

. (3.1)  

Above equation can be rewritten as 
∫

R

w2|Q Ω[f ](w)|2dw
∫

R

x2
⃒
⃒Q − 1

Ω {Q Ω[f ]}(x)
⃒
⃒2dx ≥

1
4b2

(∫

R

|f (x)|2dx
)2

. (3.2)  

Or, equivalently, 
∫

R

w2|Q Ω[f ](w)|2dw
∫

R

x2
⃒
⃒Q − 1

Ω {Q Ω[f ]}(x)
⃒
⃒2dx ≥

(
1
2

∫

R

|Q Ω[f ](w)|2dw
)2

.

(3.3)   

Lemma 3.1. Let S Ω
φ f be the quadratic phase S-transform of the signal 

f ∈ L2(R), then 

C φ

∫

R

x2|f (x)|2dx =
1
b2

∫

R

∫

R

x2
⃒
⃒Q − 1

Ω

{
S

Ω
φ f (ξ,w)

}
(x)

⃒
⃒2

dxdξ, (3.4)  

where C φ =
∫

R
|φ(ξ,w)|

2dξ 

Proof. For the sake of brevity we omit proof.□ 

Theorem 3.2. (QPST Heisenberg inequality) Let S Ω
φ f be the quadratic 

phase S-transform of any signal f ∈ L2(R) with respect φ ∈ L2(R), then we 

∫

R2
S

Ω
φ f1(ξ,w)S Ω

φ f2(ξ,w)dwdξ

=
1

2π

∫

R2

{∫

R

f1(x)φ(ξ − x,w)ei(ax2+bxw+cw2+dx+ew)dx

×

∫

R

f2(x)φ(ξ − t,w)e− i(at2+btw+cw2+dt+ew)dt
}

dwdξ

=
1
b

∫

R2

∫

R

f1(x)f2(x)φ(ξ − t,w)φ(ξ − x,w)
{

b
2π

∫

R

eiwb(x− t)dw
}

ei[a(x2 − t2)+d(x− t)]dtdxdξ

=
1
b

∫

R2
f1(x)f2(x)φ(ξ − t,w)φ(ξ − x,w)

∫

R

δ(x − t)ei[a(x2 − t2)+d(x− t)]dtdxdξ

=
1
b

∫

R2
f1(x)f2(x)φ(ξ − t,w)φ(ξ − x,w)dxdξ

=
1
b

∫

R

f1(x)f2(x)dx
∫

R

φ(ξ − x,w)φ(ξ − x,w)dξ

=
1
b

∫

R

f1(x)f2(x)dx
∫

R

|φ(ξ − x,w)|2dξ

=
1
b

〈

f1

∫

R

|φ(ξ,w)|2dξ, f2

〉

.
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have the following inequality: 
(∫

R

∫

R

w2
⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2dwdξ

)1
2
(∫

R

x2|f (x)|2dx
)1

2

≥

̅̅̅̅̅̅̅̅
C φ

√

2b2 ‖ f ‖2. (3.5)   

Proof. As both Q Ω[f ] and S Ω
φ f are in L2(R), therefore replacing Q Ω[f ]

by S Ω
φ f in (3.3), we get 

∫

R

w2|S
Ω
φ f (ξ,w)|2dw

∫

R

x2
⃒
⃒Q − 1

Ω

{
S

Ω
φ f (ξ,w)

}
(x)

⃒
⃒2dx

≥

(
1
2

∫

R

⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2dw

)2

. (3.6)  

Now integrating (3.6) with respect to dξ, we obtain 
∫

R

{(∫

R

w2
⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2dw

)1
2
(∫

R

x2
⃒
⃒Q − 1

Ω

{
S

Ω
φ f (ξ,w)

}
(x)

⃒
⃒2

dx
)1

2
}

dξ

≥
1
2

∫

R

∫

R

⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2

dwdξ.

(3.7)  

Applying Cauchy-Schwartz inequality to the LHS of (3.7), it yields 
(∫

R

∫

R

w2
⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2

dwdξ
)1

2
(∫

R

∫

R

x2
⃒
⃒Q − 1

Ω

{
S

Ω
φ f (ξ,w)

}
(x)

⃒
⃒2

dxdξ
)1

2

≥
1
2

∫

R

∫

R

⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2

dwdξ.

(3.8)  

Applying Lemma 3.1 to LHS and (2.8) to RHS, (3.8) yields 
(∫

R

∫

R

w2
⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2dwdξ

)1
2
(

b2C φ

∫

R

x2|f (x)|2dx
)1

2

≥
C φ

2b
‖ f ‖2.

Equivalently, 
(∫

R

∫

R

w2
⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2dwdξ

)1
2
(∫

R

x2|f (x)|2dx
)1

2

≥

̅̅̅̅̅̅̅̅
C φ

√

2b2 ‖ f ‖2. (3.9)  

This completes the proof.□ 

Remark 3.3. It is pertinent to mention that for the choices Ω = (a /2b,
− 1/b,c/2b,0,0), Ω = (cotα/2, − cscα, cotα/2,0,0), α ∕= nπ and Ω = (0,1,
0, 0, 0), Theorem 3.2 gives the corresponding Heisenberg’s inequality 
associated with linear canonical S-transform, fractional S-transform and 
the classical S-transform, respectively. 

Lemma 3.2. Let S Ω
φ f be the quadratic phase S-transform of the signal 

f ∈ L2(R), then 

C φ

∫

R

ln|x ‖ f (x)|2dx =
1
b2

∫

R

∫

R

ln|x ‖Q − 1
Ω

{
S

Ω
φ f (ξ,w)

}
(x)|2dxdξ. (3.10)   

Theorem 3.4. (QPFT logarithmic uncertainty principle [27]) Let Q Ω[f ]
be the quadratic phase Fourier transform of any signal f ∈ S(R) , then we 
have the following inequality: 

b
∫

R

ln|w ‖Q Ω[f ](w)|2dw +

∫

R

ln|x ‖ f (x)|2dx+

≥

[
Γ′

(1/4)
Γ(1/4)

− lnπ − ln|b|
]∫

R

|f (x)|2dx .

(3.11) 

Now, applying Parseval’s formula for the QPFT, (3.11) yields 

b
∫

R

ln|w ‖Q Ω[f ](w)|2dw +

∫

R

ln|x ‖Q − 1
Ω {Q Ω[f ]}(x)|2dx

≥ b
[

Γ′

(1/4)
Γ(1/4)

− lnπ − ln|b|
]∫

R

|Q Ω[f ](w)|2dw .

(3.12)  

□ 

Theorem 3.5. (QPST logarithmic uncertainty principle) Let φ, f ∈ S(R),

then the quadractic phase S-transform satisfies the following logrithmic 
inequality: 
∫

R

∫

R

ln|w ‖S
Ω
φ f (ξ,w)|2dwdξ + bC φ

∫

R

ln|x ‖ f (x)|2dx

≥
1
b

[
Γ′

(1/4)
Γ(1/4)

− lnπ − ln|b|
]

C φ‖ f ‖2 .

(3.13)   

Proof. It is obvious that Q Ω[f ] and S Ω
φ f both are in S(R) therefore on 

replacing Q Ω[f ] by S Ω
φ f , (3.12) yields 

b
∫

R

ln|w ‖S
Ω
φ f (ξ,w)|2dw +

∫

R

ln|x ‖Q − 1
Ω

{
S

Ω
φ f (ξ,w)

}
(x)|2dx

≥ b
[

Γ′

(1/4)
Γ(1/4)

− lnπ − ln|b|
]∫

R

⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2

dw .

(3.14)  

Integrating both sides of (3.14) with respect to dξ, we get 

b
∫

R

∫

R

ln|w ‖S
Ω
φ f (ξ,w)|2dwdξ +

∫

R

∫

R

ln|x ‖Q − 1
Ω

{
S

Ω
φ f (ξ,w)

}
(x)|2dxdξ

≥ b
[

Γ′

(1/4)
Γ(1/4)

− lnπ − ln|b|
]∫

R

∫

R

⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2

dwdξ .

(3.15)  

Applying Lemma 3.2 to the LHS of (3.15), we obtain 

b
∫

R

∫

R

ln|w ‖S
Ω
φ f (ξ,w)|2dwdξ + b2C φ

∫

R

ln|x ‖ f (x)|2dx

≥ b
[

Γ′

(1/4)
Γ(1/4)

− lnπ − ln|b|
]∫

R

∫

R

⃒
⃒S

Ω
φ f (ξ,w)

⃒
⃒2dwdξ .

(3.16)  

By virtue of (2.8), (3.16) yields 
∫

R

∫

R

ln|w ‖S
Ω
φ f (ξ,w)|2dwdξ + bC φ

∫

R

ln|x ‖ f (x)|2dx

≥
1
b

[
Γ′

(1/4)
Γ(1/4)

− lnπ − ln|b|
]

C φ‖ f ‖2 .

(3.17) 

Which completes the proof.□ 

4. Conclusion 

In the study, we have accomplished three major objectives: first, we 
have introduced the notion of quadratic phase S-transform (QPST). 
Second, we establish the fundamental properties of the proposed 
transform, including the parseval’s formula, inversion formula, shift and 
modulation. Third, we investigate Heisenberg uncertainty principle and 
logarithmic uncertainty principle associated with the QPST. In our 
future works we shall study the engineering background of the proposed 
transform. 
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