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Abstract. The concept of vector-valued multiresolution analysis on local field
of positive characteristic was considered by Abdullah [Vector-valued multires-
olution analysis on local fields of positive characteristic, Analysis. 34(2014)
415-428]. We construct the associated wavelet packets for such an MRA and
investigate their properties by virtue of the Fourier transform. Moreover, it is
shown how to obtain several new bases of the space L? (K ,CN ) by construct-
ing a series of subspaces of these vector-valued wavelet packets.

1. Introduction

In recent years there has been a considerable interest in the problem of con-
structing wavelet bases on various groups. R.L. Benedetto and J.J. Benedetto [3]
developed a wavelet theory for local fields and related groups. They did not develop
the multiresolution analysis (MRA) approach, their method is based on the theory
of wavelet sets and only allows the construction of wavelet functions whose Fourier
transforms are characteristic functions of some sets. Since local fields are essentially
of two types: zero and positive characteristic (excluding the connected local fields
R and C). Examples of local fields of characteristic zero include the p-adic field
Qp where as local fields of positive characteristic are the Cantor dyadic group and
the Vilenkin p-groups. Even though the structures and metrics of local fields of
zero and positive characteristics are similar, but their wavelet and multiresolution
analysis theory are quite different. The concept of multiresolution analysis on a
local field K of positive characteristic was introduced by Jiang et al. [8]. They
pointed out a method for constructing orthogonal wavelets on local field K with a
constant generating sequence. Subsequently, tight wavelet frames on local fields of
positive characteristic were constructed by Shah and Debnath [11] using extension
principles. For more about wavelets and their applications, we refer the monograph
[7].

It is well known that the classical orthonormal wavelet bases have poor frequency
localization. For example, if the wavelet v is band limited, then the measure of
the supp of (¢;x)" is 27-times that of supp 1& To overcome this disadvantage,
Coifman et al. [6] introduced the notion of orthogonal univariate wavelet packets.
Well known Daubechies orthogonal wavelets are a special of wavelet packets. Chui
and Li [5] generalized the concept of orthogonal wavelet packets to the case of non-
orthogonal wavelet packets so that they can be employed to the spline wavelets and
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so on. Shen [12] generalized the notion of univariate orthogonal wavelet packets to
the case of multivariate wavelet packets. The construction of wavelet packets and
wavelet frame packets on local fields of positive characteristic were recently reported
by Behera and Jahan in [2]. They proved lemma on the so-called splitting trick and
several theorems concerning the Fourier transform of the wavelet packets and the
construction of wavelet packets to show that their translates form an orthonormal
basis of L?(K). Other notable generalizations are the vector-valued wavelet packets
[4], wavelet packets and framelet packets related to the Walsh polynomials [9] and
M-band framelet packets [10].

Recently, Abdullah [1] has generalized the classic theory of multiresolution anal-
ysis on Euclidean spaces R™ to vector-valued multiresolution analysis on local fields
of positive characteristic. Motivated and inspired by the concept of vector-valued
multiresolution analysis on local fields of positive characteristic, we construct the
associated orthogonal wavelet packets for such an MRA on local fields of posi-
tive characteristic. More precisely, we show that the collection of all dilations and
translations of the wavelet packets is an overcomplete system in L? (K ,CN )

This paper is organized as follows. In Section 2, we discuss some preliminary
facts about local fields of positive characteristic and introduce the notion of vector-
valued multiresolution analysis on local field K. In Section 3, we construct vector-
valued wavelet packets associated with vector scaling function ® and show how
they generate an orthonormal basis for L2 (K ,CN ) In Section 4, we provide a
direct decomposition for the space L? (K ,CN ) in terms of the vector-valued wavelet
packets.

2. Preliminaries and Vector-valued MRA on Local Fields

Let K be a field and a topological space. Then K is called a local field if both K+
and K* are locally compact Abelian groups, where K+ and K* denote the additive
and multiplicative groups of K, respectively. If K is any field and is endowed with
the discrete topology, then K is a local field. Further, if K is connected, then K
is either R or C. If K is not connected, then it is totally disconnected. Hence
by a local field, we mean a field K which is locally compact, non-discrete and
totally disconnected. The p-adic fields are examples of local fields. More details
are referred to [13]. In the rest of this paper, we use the symbols N, Ny and Z to
denote the sets of natural, non-negative integers and integers, respectively.

Let K be a local field. Let dx be the Haar measure on the locally compact
Abelian group K*. If a € K and « # 0, then d(az) is also a Haar measure. Let
d(az) = |aldz. We call |af the absolute value of . Moreover, the map = — |z| has
the following properties: (a) |z| = 0 if and only if z = 0; (b) |zy| = |z||y| for all
x,y € K; and (¢) |z 4 y| < max {|z|, |y|} for all z,y € K. Property (c) is called the
ultrametric inequality. The set © = {a € K : |x| < 1} is called the ring of integers
in K. Define B = {z € K : |z| < 1}. The set B is called the prime ideal in K. The
prime ideal in K is the unique maximal ideal in ® and hence as result B is both
principal and prime. Since the local field K is totally disconnected, so there exist
an element of B of maximal absolute value. Let p be a fixed element of maximum
absolute value in B. Such an element is called a prime element of K. Therefore,
for such an ideal B in ©, we have B = (p) = pD. As it was proved in [13], the
set ® is compact and open. Hence, 98 is compact and open. Therefore, the residue
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space D /B is isomorphic to a finite field GF(q), where ¢ = p* for some prime p
and k € N.

Let D* =D \B ={z € K : |z| = 1}. Then, it can be proved that D* is a group
of units in K* and if 2 # 0, then we may write x = p*2’, 2’ € ®*. For a proof of
this fact we refer to [17]. Moreover, each B* = pFD = {z € K : |z| < ¢ "} is a
compact subgroup of Kt and usually known as the fractional ideals of K+. Let
U= {ai}g;ol be any fixed full set of coset representatives of 9B in D, then every
element z € K can be expressed uniquely as x = sz cop® with ¢, € U. Let x be
a fixed character on K1 that is trivial on ® but is non-trivial on B~!. Therefore,
X is constant on cosets of D so if y € B*, then y,(z) = x(yx),r € K. Suppose that
X« is any character on K+, then clearly the restriction y,|® is also a character on
©. Therefore, if {u(n) : n € Ny} is a complete list of distinct coset representative
of ® in KT, then, as it was proved in [13], the set {Xu(n) in € NO} of distinct
characters on ® is a complete orthonormal system on ®.

The Fourier transform f of a function f € LY(K) N L2(K) is defined by

ﬂo:Lﬂmmmm. (2.1)

It is noted that
f6) = | @) xe@ids = [ fa-gaa.

Furthermore, the properties of Fourier transform on local field K are much simi-
lar to those of on the real line. In particular Fourier transform is unitary on L?(K).

We now impose a natural order on the sequence {u(n)}s2,. We have ©/B =
GF(q) where GF(q) is a c-dimensional vector space over the field GF(p). We choose
aset {1 =Co,C1,Car-,Ce1} C D* such that span {gj}j;é >~ GF(q). For n € Ny
satisfying

0<n<qg n=ag+ap+--+a_1p° 1, 0<ar<p, and k=0,1,...,c—1,

we define

u(n) = (ap + a1Gi + -+ ae1Ge—1) P (2.2)
Also, for n = by +big+bag®> + - +bsq°, n €Ny, 0< b, <q,k=0,1,2,...,s, we
set

u(n) = u(bo) +u(by)p™ + -+ u(bs)p*. (2.3)
This defines u(n) for all n € Ny. In general, it is not true that u(m + n) =
u(m) + u(n). But, if r,k € Ny and 0 < s < ¢*, then u(r¢® + s) = u(r)p=" + u(s).
Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and {u(€)+u(k) :
k € No} = {u(k) : k € Ny} for a fixed £ € Ny. Hereafter we use the notation
Xn = Xu(n), T > 0.
Let the local field K be of characteristic p > 0 and (g, (1,(2,-..,(.—1 be as above.
We define a character x on K as follows:

—jy_ J exp(2mi/p), p=0andj=1,
X(Cup )_{ 1, w=1,...,c—lorj#1. (2.4)

Next, we introduce the notion of vector-valued nonuniform multiresolution analysis
on local field K of positive characteristic.
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Let N be a constant and 2 < N € Z. By L? (K, (CN), we denote the set of all
vector-valued functions f(z) i.e.,

L2(K,CN) = {f(:c) = (A@), fol@),. ... fn@) 12 € K, folw) € L2(K), £ =1,2,... ,N}

where T means the transpose of a vector. The space L? (K ,CN ) is called wvector-
valued function space on local field K of positive characteristic. For f(x) € L? (K, (CN),
Hf || denotes the norm of vector-valued function f and is defined as:

1/2

al 2
o= (3 [ Inotas) o

For a vector-valued function f(z) € L?(K,C"), the integration of f(z) is defined

[t ([ s dx/fg o] petos)’

Moreover, the Fourier transform of f(z) is defined by

() = /K £(2)xe (@) da.

For any two vector-valued functions f,g € L? (K ,CN ), their vector-valued inner
product (f,g) is defined as:

f,g) = /K f(z)g(xr) dz. (2.6)

Definition 2.1. Let K be a local field of positive characteristic. A vector-valued
multiresolution analysis (VMRA) of L? (K ,CN ) is a sequence of closed subspaces
{Vj:j € Z} of L? (K,C") satisfying:

(a) V; C Vjqq for all j € Z;

(b) U]EZ Vj is dense in L? (K,C") ;

(¢) Njez Vi = {0}, where 0 is the zero vector of L? (K,CN);

(d) £(-) € V; if and only if f(p~!) € Vj4q for all j € Z;

) there is a function ® € Vj, called the scaling vector, such that

{®(z — u(k)) : k € No} forms an orthonormal basis for V.

For j € Z, we define an MRA space V; C L? (K,CY) as
V= span{@(p_jm —u(k)) ke NO}7 jEeZ.

Since ® = (@1,@2, .. .,(pN)T € Vo C V4, there exists constant sequence {Gy : k €
Np} such that

=vq Y Gp®(p~ 'z —u(k)). (2.7)
keNy
Taking Fourier transform on both sides of (2.7), we obtain
®(€) = Ho(p€) ®(p), (238)
where
\[ Z K Xk(§ (2.9)

keNy
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Since xj is an integral periodic function on K, we have for any s € Ny

Ho (& + u(s)) quZGka £+ uls :72 KXk (&) = Ho(§).

\[ keNg kGNo

Hence, Hj is also an integral periodic function on K. Let W, j € Z be the orthog-
onal complement of V; in V; ;. Then, there exists ¢ — 1 vector-valued functions
W,(z) € L? (K, (CN) ,£=1,...,q— 1, such that their translations and dilations
form an orthonormal basis of Wj, i.e.,
W; = span{\Ilg(p_jw —u(k)):keNy,1<l<q—-1}, jeZ (2.10)
Since W, € W, C Vi, there exists ¢ — 1 constant sequences {Gi 1k € No} such that
Vi) GLe(p 'z —u(k)). (2.11)
kEeNg

By taking Fourier Transform, the refinement equation (2.11) becomes

W, (&) = H(pg) D(p), (2.12)

where
Z GY xi(€) (2.13)
kEN
We say g — 1 vector-valued functions ¥q(z), ¥o(z),..., ¥,_1(z), are orthogonal
vector-valued wavelet functions associated with the orthogonal vector-valued scaling
function ®(x) if they satisfy

<\pg(x), &(z - u(k;))> = S0 In, ke No. (2.14)

and the family {\Ilg(x),k € Ng,1 <4 < q-— 1} is an orthonormal basis of the
subspace Wy. Therefore, we have

<\1:,,(x), Wy (2 — u(k:))> = oube Iy, 1<00 <q—1keNy.  (2.15)

The following lemma, which will be used in next section, gives a characterization
in the frequency domain of an orthogonal vector-valued function f(x).

Lemma 2.2. [1] Let f(z) € L? (K,CY). Then f(z) is an orthogonal vector-valued
function if and only if

S EE+uk) f (€t ulk) =TIy, (€K (2.16)
keNy

The vector-valued wavelets associated with the vector-valued multiresolution anal-
ysis {V; : j € Z} on local fields of positive characteristic has been recently charac-
terized by Abdullah [1] in terms of the wavelet masks as:

Theorem 2.3. Let ®(z) € L? (K, (CN) be the orthogonal vector-valued scaling
function of an VMRA {V;:j € Z}. Then, Wy(z) € L* (K,CN), 1 < <q-1
as defined by (2.11) are the associated orthogonal vector-valued wavelet functions if
and only if

§Ho(p(§+u(r)))Hg(p(f+u(r)))*O, 1<l<q-1l¢e€K, (2.17)
r=0
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and

ZHZ( €+ ul(r ))Hg:(p(g—i-u(r)))*zéuzIN, 1<l<q-1£€K. (218)

3. Vector-valued Wavelet Packets on Local Fields

In this Section, we construct vector-valued wavelet packets associated with vector-
valued multiresolution analysis on local fields of positive characteristic. First of all,
we have the following theorem.

Theorem 3.1. Let ® € L2 (K, (CN) be such that {'IJ(a: —u(k)) ke No} s an
orthonormal system in L? (K,C") and let V = span {®(p~'z — u(k))}. Let ¥, (x)
and Hy(£),0 < ¢ < g—1, be the functions defined by (2.11) and (2.18), respectively,
and satisfying the conditions (2.17) and (2.18). Then, {®,(z —u(k)) : 0 < ¢ <
q—1, ke NO} is an orthonormal system. Also this system is an orthonormal basis
for V if and only if it is orthonormal.

Proof. Since ® is the orthogonal scaling vector associated with an VMRA. There-
fore, by Lemma 2.2, we have

> B(E+uk) @ (E+uk) =1y, €K (3.1)

keNy
Also, for 0 < £,¢' < ¢—1 and k € Ny, we have

(@), @0 (- —u(h)))

SO IR TGO L AR ROGEE

rENg

= |3 (e )@ (ple+ ) e (ple -+ ) @ (ple -+ ) TR

rENg

/ZHE( (& +uls ){% <§+u (s)) + u(r))'i)(p(§+u(s))+u(r)>*}

< Ho (p(€ +u(s)) ) Xk, €)de
Using (2.17), (2.18) and (3.1), we obtain
(Co(z), @y (@ —u(k))) = dok de.e In.

Hence, {\Ilg(x — u(k)) :0<l¢<q—-1,keNg, xz¢€ K} is an orthonormal system.
For any function f(z) € V, there exists constant matrix sequences {C}, : k € Ng}
such that

=V Y Cp®(p'w—u(k)). (3.2)

keNy
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Next, we claim that

Now, we have

QZZ GY_ q,ﬂ ", (z —u(r))
£=0 reNg
- 22 Z Gk qr Z q)(pilx - pilu(r) - U(S))

=0 reNp se€Np
i S AS S @) 6 a6t )
s’€Np =0 reNyp

=®(p~ 'z —u(k)).
Keeping in view of the equations (3.1) and (3.3), it follows that the system
{\Ilg(x — u(k)) 0</i<q—-1, ke No} forms an orthonormal basis for V. O

For n = 0,1,..., the basic vector-valued wavelet packets associated with the
vector-valued multiresolution analysis on local fields of positive characteristic are
defined recursively by

To(2) = Toope(x) =" Y GiTo(p e —u(k)), 0<l<q—1,  (34)
k€N

where 0 € Ny is the unique element such that n = qo + ¢, 0 < ¢ < ¢ — 1 holds.
Implementation of Fourier transform to (3.4) yields

(Daore)” (€) = Ho(p€) To(p€), 0<0<q—1. (3.5)

Theorem 3.2. If {T',(z),n € No} are the vector-valued wavelet packets associated
with VMRA {V}; : j € Z} on local fields of positive characteristic. Then

<Fn(x),Fn(:c7u(k))> =doxIn, k€N (3.6)
Proof. We prove the theorem by induction on n. Since
<Fo(a:), Iy (x — u(k))> = <'I>(x), 'IJ(x - u(k))> = do.x In,

and, hence the claim is true for n = 0. Assume that (3.6) holds for 0 < n < t,visa
fixed integer. For t¥ < n <"1 we have t*~! < [n/t] <. Let n =t[n/t] +£,0 <
¢ < q—1. Then, by Lemma 2.2, we have

<F[n/t] (@), Dl (z—u(k ))> = doxly & Y < iyt (€4 u(r), Dy (€4 U(T))> =1Iy.

reNg
(3.7)
y (2.18), (3.5) and (3.7), we have
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<I‘n(x), T, (z — u(k))>
— /K £ (€) T (€)X, )

/ZHK (&4 u(r ) qa(p(f—&—u(r)))Hg(P(f‘*‘U(T)))*

r€Ng
x Ty (p(€ + u(r) ) X, €) e

reNg

/ZHZ( £+ us ){zrqg( §+uls >+u<r>)fqg(p<g+u<s>>+u<r>)*}

/33 ZZ:;HZ (p(£ + U(S)))He (p(§ + u(s)))*x(k,f) d¢

= 50’]€ IN.

Theorem 3.3. Let {I',(z),v € No} be the vector-valued wavelet packets associated
with VMRA {V} : j € Z} on local fields of positive characteristic. Then
<Fqg+£(x),1—‘q0’+el (1’ - u(k:))> = 5414/ 5O,k IN, 0 < é é/ q - ]. ke NO (38)

Proof. By (2.14), (2.18) and (3.7), we have
(Tar+6(@), Ly (= u(k))

‘/K- f‘qg+£(§)fqa+f’ (6)* X(k, 5) dé

_ / Ho(€) () Ho (€)' ()" X (hy p=16) de

rE€Ng

= f e {me <s+u<r>>*}w<s>*x<wls>ds

reNg

- § (e + ) Ho 6 + pu(s))” X (FpT0) de

pD s=0
= Q/ Se,0In x (kyp=1E) d€
PO

= O 00,1 In.

This completes the proof. O
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For the construction of vector-valued wavelet packets on local fields of positive
characteristic, it is necessary to show that their translates form an orthonormal
basis for L? (K ,CN ) This is evident from the following theorem.

Theorem 3.4. Let {T',,(z),n € Ng} be the basic vector-valued wavelet packets as-
sociated with VMRA {V; : j € Z} on local fields of positive characteristic. Then
(i) {Th(z—u(k)) : ¢ <n< ¢t =1, k € Ny} is an orthonormal basis of Wy, j >
0

(i) {Tn(z —u(k)):0<n<q¢ —1,keNoy} is an orthonormal basis of V;, j > 0.
(iii) {Ty(z —u(k)) :n >0, k € No} is an orthonormal basis of L? (K,CN).

Proof. We use induction on j. Since {T';, : 1 < n < ¢ — 1} is the basic set of
vector-valued wavelets, the case j = 0 in (i) is trivial. Assume (i) holds for j. We
shall prove it for j + 1. By our assumption, the family

{ql/QFn(p_lx —u(k)) ¢/ <n<gt -1 ke No}
is an orthonormal basis of W;. Let
E, = spﬁ{ql/zfn(pflx — u(k)) ke No}.

Then, we have

Pt—1
Wj+1 = @ E,. (39)
n=qJ
By applying Theorem 3.1 to E,,, we obtain functions g¢,,0 < ¢ < ¢ — 1, where
Gen(€) = Ho(p§) Tn(pf), 0<0<q—1, (3.10)

such that {ggyn( . fu(k)) :0<l<qg—-1,ke No} is an orthonormal basis of F,,.
Using equation (3.5), we obtain g¢, = I'gnye. Since

{l+qn:0<t<q-1,¢d <n<¢g™M -1} ={n:¢"'<n<¢g™—-1}. Hence,
{Th(z—uk)): ¢ <n< g™ —1,keNy} is an orthonormal basis of Wj.
Thus we have proved (i) for j + 1 and the induction is complete. Part (ii) follows
from the fact that V; = Vo @ Wy & --- @ W;_1, and Part (iii) from the following
decomposition

L’ (K,c¥)=Vyo | PW;

Jj=0

4. The Direct Decomposition for Space L? (K, (CN)

In this section, we decompose the MRA-space V; and wavelet space W; by virtue of
a series of subspaces of vector-valued wavelets packets on local fields. Furthermore,
we present the direct decomposition for space L? (K ,CN )

Forn=0,1,... and j € Z, we define

Up = spm{ /0, (p 7 — u(k)) k€ Ny} (1)

Since T'y = ¢ is the scaling function and {I",, : 1 < n < ¢ — 1} are the basic
vector-valued wavelets, we observe that

qg—1
Uy =v;, @ui=w;, jel
=1
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Thus, the orthogonal decomposition V11 = V; & W; can be reformulated as

q—1
Uy, =pur. (4.2)
£=0

By virtue of (3.5), we can generalize the decomposition of U}, ; into g-orthogonal
subspaces.

Proposition 4.1. Forn € Ny and j € Z, we have the following formula

q—1
A a3
=0
Proof. From (4.1), we have
U, = m{qj+1/2fn (p7 'z —uk) ke NO}. (4.4)

Let Py(x) = {qj+1/2Fn (p_j_lx — u(k)) ke NO}. Then Pj, forms an orthonormal
basis for the Hilbert space Uj'; . For 0 < £ <q—1, let

Al(x) =Y Hf ,,Pi(x), o€Ny, (4.5)

keNg

and
Sy =span {A} 0 € No}.

Then, by Theorem 3.1, we have

qg—1
1= @Sf :
£=0
Therefore, equation (4.5) becomes

Af(z) = Y HigoPrulw)

keNp

= Z Hlé Protgo(2)
keNg

= U2 ST HT (p e (u(k) + u(g0)))
keNg

S HET (e — (alak) + ulo)
keNy

= @) HiTu(p7z — (ulgk) + u(0)))

keNg

= Tergn(p™72 —u(0)).
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Thus, we have

q—1 q—1
_ n n _ L+qn
Se=PUup, and Uf, =PUit
=0 =0

This completes the proof. O

The above proposition can be used to obtain various decompositions of the
wavelet subspaces W;,j > 0.

Theorem 4.2. For j =0,1,..., we have
g—1 2—1 g1 gti—1
W, =QUui=Pul == P U ,.== P U (4.6)
=1 t=q L=qm t=gi

Proof. The proof is obtained by repeated application of the previous proposition.
a

Theorem 3.2 can be used to construct various orthonormal bases of L? (K ,CN )
Let S C Ny x Z. We want to characterize the sets S such that the collection

F={@"Tu(s79w — u(k) : k € No, (n,j) € S}
will form an orthonormal basis of L? (K ,CN ) In other words, we are searching
those subsets S of Ny x Z for which
P vy =r*(x&.cV). (4.7)
(n,j)€S

Theorem 4.3. Let {T',, : n > 0} be the basic vector-valued wavelet packets associ-
ated with a VMRA {V; : j € Z} and S C Ng x Z. Then F is an orthonormal basis
of L? (K,C") if and only if {I.; : (n,j) € S} is a partition of Ny, where

Inyj:{KGNo:angégqj(nJrl)fl}.

Proof. By the repeated application of Proposition 4.1, we have

q—1 q(n+1)— qg(n+1)—1 [q—1
n  _ Ltqn _ 4 m+ql
v = Uit - @D U = B DU
=0 L=qn l=qn m=0
n+1 q(n+1
_ L _ _ 74
S R R 0
l=q2n l=q%n LEL,
Therefore,
D - D D
(n,j)es (n,j)eSLely ;

Using Theorem 3.4(iii), we get
(K.cV) = P us.
LeNy
Hence, (4.7) holds if and only if {I,, ; : (n,j) € S} is a partition of Ny. O
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