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Abstract: The free metaplectic transformation (FMT) has gained much popularity in recent times
because of its various applications in signal processing, paraxial optical systems, digital algorithms,
optical encryption and so on. However, the FMT is inadequate for localized analysis of non-transient
signals, as such, it is imperative to introduce a unique localized transform coined as the short-time
free metaplectic transform (ST-FMT). In this paper, we investigate the ST-FMT. First we propose
the definition of the ST-FMT and provide the time-frequency analysis of the proposed transform in
the FMT domain. Second we establish the relationship between the ST-FMT and short-time Fourier
transform (STFT) in L?(R") and investigate the basic properties of the proposed transform including the
reconstruction formula, Moyal’s formula. The emergence of the ST-FMT definition and its properties
broadens the development of time-frequency representation of higher-dimensional signals theory to
a certain extent. We extend some different uncertainty principles (UPs) from quantum mechanics
including Lieb’s inequality, Pitt’s inequality, Hausdorff-Young inequality, Heisenberg’s UP, Hardy’s
UP, Beurling’s UP, Logarithmic UP and Nazarov’s UP. Finally, we give a numerical example and a
possible applications of the proposed ST-FMT.

Keywords: short-time free metaplectic transform; Moyal’s formula; uncertainty principle; Nazarov’s
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1. Introduction

The free metaplectic transformation (FMT) also known as the n-dimensional linear canonical
transformation (LCT) first studied in [1], is widely used in many fields such as filter design, pattern
recognition, optics and analyzing the propagation of electromagnetic waves [2-5]. The theory of
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FMT with a general 2n X 2n real, symplectic matrix M = (A, B : C, D) with n(2n + 1) degrees of
freedom [6,7]. The FMT embodies several signal processing tools ranging from the classical Fourier,
Fresnel transform, and even the fundamental operations of quadratic phase factor multiplication [8—10].
The metaplectic operator or the FMT of any function f € L?>(R") with the real free symplectic matrix
M = (A,B: C,D)is given by [9,32]

Lalf10w) = f FOOK(x, widx, (1.1)
,

where Ky (x, w) denotes the kernel and is given by

Kna(x, w) = 1 2 DB B BAD -y e R |der(B) £ 0. (1.2)
(2m)"/% N|det(B)|

The arbitrary real parameters involved in (1.1) are of great importance for the efficient analysis of the
inescapable signals, i.e., the chirp-like signals. Due to the extra degrees of freedom, the FMT has been
successfully employed in diverse problems arising in various branches of science and engineering, such
as harmonic analysis, optical systems, reproducing kernel Hilbert spaces, quantum mechanics, image
processing, sampling and so on [11, 12]. However, FMT has a drawback. Due to its global kernel
it is not suitable for processing signals with varying frequency content [13, 14]. The short-time free
metaplectic transform (ST-FMT) with a local window function can efficiently localize the frequency
spectrum of non-transient signals in the free metaplectic transform domain, hence, overcomes this
drawback. Taking this opportunity, our goal is to introduce the notion of the short-time free metaplectic
transform, which is a generalized version of FMT and endowed with higher degrees of freedom,
resulting in an efficient localized analysis of chirp signals.

Let us now move to the uncertainty iprinciple. Uncertainty principle was introduced by the German
physicist Heisenberg [15] in 1927 and is known as the heart of any signal processing tool. With
the passage of time, researchers further extended the uncertainty principle to different types of new
uncertainty principles associated with the Fourier transform, for instance, Heisenberg’s uncertainty
principle, Logarithmic uncertainty principle, Hardy’s uncertainty principle and Beurling’s uncertainty
principle [16-21]. Later these uncertainty principles were extended to LCT and its generalized
domains [22-31]. In [32] authors proposed uncertainty principles associated with the FMT and in [33]
authors establish uncertainty principles for the non-separable linear canonical wavelet transform.
Keeping in view the fact that the theory of ST-FMT and associated uncertainty principles is yet to
be investigated exclusively; therefore, it is both theoretically interesting and practically useful to study
the properties of ST-FMT and formulate some new uncertainty inequalities pertaining to it.

The highlights of the article are pointed out below:

(1) To introduce a novel integral transform coined as the short-time free metaplectic transform.

(2) To obtain the relationship of ST-FMT with FMT, FT and STFT in L*(R"),respectively.

(3) To study the fundamental properties of the proposed transform, including the Moyal’s formula,
boundedness and inversion formula.

(4) To establish the Pitt’s inequality, Lieb inequality and Hausdorff-Young inequality associated with
the ST-FMT.

(5) To formulate the Heisenberg’s, Logarithmic and Nazarov’s uncertainty principles.

(6) To formulate the Hardy’s and Beurling’s uncertainty principles for the ST-FMT.
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(7) To present possible applications and an illustrative example.

The paper is organized as follows: In Section 2, we discuss some preliminary results and definitions
required in subsequent sections. In Section 3, we formally introduced the definition of short-time
free metaplectic transform (ST-FMT). Then we investigated several basic properties of the ST-FMT
that are important for signal representation in signal processing. In Section 4, we extend some
different uncertainty principles (UP) from quantum mechanics, including Lieb’s inequality, Pitt’s
inequality, Heisenberg’s UP, Hausdorff- Young inequality, Hardy’s UP, Beurling’s UP, Logarithmic UP
and Nazarov’s UP, which have already been well studied in the FMT domain. Section 5 is devoted to
a numerical example and potential applications of the proposed ST-FMT.

2. Preliminary

This section give some useful definitions and lemmas about the multi-dimensional Fourier transform
and free metaplectic transform.

2.1. Multi-dimensional Fourier transform (FT)

For any f € L?*(R"), the n-dimensional Fourier transform (FT) of f(x) is given by [32]

FLAw) =

1 T
P Ln f(x)e™ “dx 2.1)

and its inversion is given by

f(x) = f Vil f](w)e’w *dw, (2.2)

(r )n/2
where x = (x1, X2, ..., x,)T € R", w = (Wi, wy, ..., w,)| € R".

Based on the definition of short-time Fourier transform (STFT) [34], we can define n-dimensional
STFT as:

Definition 2.1. Let ¢ be a window function in L*(R"), then for any f € L*(R") the n-dimensional
short-time Fourier transform (STFT) of f(x) with respect to the window function ¢ is given by [33]

Vol 10wy u) = f FORE e ™" dx. 23)

(r )n/2

2.2. The free metaplectic transform

A B
C D
C,D), where A, B, C and D are real n X n sub-matrices. Moreover, we recall that the matrix M is
said to be a free symplectic matrix if M QM = Q, and |det(B)| # 0, where Q = (0,1, : —1,,0) and I,
represents the n X n identity matrix. The sub-matrices of M satisfy the following constraints:

For typographical convenience, we shall denote a 2n X 2n matrix M = ( ) asM = (A,B:

ABT = BAT, c¢cD" =DC?, AD' -BC' =1,
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A
The transpose of M = ( BT pr

B\. . r_ (AT CT
C D)lsglvenbyM _( )

DT _BT

Also, inverse of the free symplectic matrix is given by M~ = ( _CT AT

I, 0O
0 1,/

Definition 2.2. [FMT] The free metaplectic transform of a function f € L*(R") with respect 2n X 2n
real, free symplectic matrix M = (A, B : C, D) (with |det(B)| # 0) is defined by

) . It is clear that MM ™! =

Lulflw) = | f(OKm(x, w)dx, (2.4)
R"

where Ky (x, w) denotes the kernel and is given by

WM(X W) — 1 e%(wTDB’lw—ZWTB’Tx+xTB’1Ax) (25)
’ (27012 A[[det(B)] ’

where x = (x1, X2, ..., x,)T € R, w = (Wi, wa, ..., w,)| € R™.

Definition 2.3. Suppose f € L?(R"), then the inversion of the free metaplectic transform of f is
given by

) = Ly ALmlf I (x) = | Lmlf IW) K1 (w, x)dw, (2.6)
R’l
where M~! = (DT, -B" : -CT,AT).

For real, symplectic matrix M = (A, B : C, D), the free metaplectic transform kernel (2.5) satisfies
the following important properties:

(1) Ky (w, x) = Km(x, w),

(i) [, Ka(x, w)Kop-1(z, )dx = 6(z — w),

(iii) [, Kn(x, wKn(x, 2)dx = K (w, 2).

Lemma 2.1. Let f,g € L>(R"), then the free metaplectic transform satisfies the following parseval’s
formula:

(f, 82 = (Lmlf], LmlgDa. (2.7)
For f = g, one has
A2 ey = LML - (2.8)

The free metaplectic transform (defined in (2.4)) of a function f € L?>(R") can be computed via
associated n-dimensional FT, namely

iow! DB Lw)
2

e i(xTBz_le) .
LulfIw) = —msf{e f @ w), 2.9)
where ¥ { f}(w) represents the n-dimensional FT defined in (2.1) as
1 —iwlx
F{fHw) = P fRn f(x)e dx. (2.10)
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Equation (2.9) can be rewritten as

—itwI DB~ 1w

e Lulflw) = T {H) (B™'w), (2.11)
where H(x) is given by
H = ——“5* f(v) @.12)
X) = ———e X). .
Vdet(B)
Lemma 2.2. Let f € L*(R") and H(x) = ﬁewf 49 f(x), then we have following relationship

between n-dimensional FT and FMT:
|F [HIW)I = |LmLf1(Bw)I. (2.13)
Proof. The proof follows by changing w = Bw and taking the modulus in (2.11).

O
Remark 2.1. If we change w = Bw and take the modulus in (2.9), we have
|F [Hol(w)| = v det(B)|.Lm[f1(Bw)|, (2.14)

i B=1Ax)

where Hy(x) = e~ 2 f(x).

3. The short-time free metaplectic transform

In this section, we introduce the novel short-time free metaplectic transform (ST-FMT) and discuss
several basic properties of the ST-FMT. These properties play important roles in signal representation
of multi-dimensional signals.

Definition 3.1. Let M = (A, B : C, D) be a real, free symplectic matrix. Let ¢ be a window function in
L*(R™), the short-time free metaplectic transform (ST-FMT) of the function f € L*>(R") with respect to
¢ is defined by
Vylflw,w) = | f)P(x = ) Ku(x, whdx, (3.1)
R}l
where x = (x1, X2, ..., X,) € R", u = (uy, up, ..., u,) € R", w = (wy, wy, ..., w,) € R" and Ky(x, w) is given
by (2.5).

In terms of classic convolution, formula (3.1) can be written as

VL 1w, 1) = (f@)K(u, w))  $p(—).
Also, by applying the properties of the free metaplectic transform, (3.1) can be rewritten in the form
of an inner product as

Vol 10w, u) = (f, ¥, (3.2)

xwuls

where WM = ¢(x — u)Ku(u, w).

X,W,U

The prolificacy of the short-time free metaplectic transform given in Definition 3.1 can be
ascertained from the following important deductions:
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(1) When M = (I,cosa,I,sina : —I,sina, I, cos @), the ST-FMT (3.1) yields the n-dimensional
non-separable short-time fractional Fourier transform:

FoLf 1w, ) =

f JOp(x — u)ez(w w+xl x) cota—iwl xesea g,

Qmyn! 2| sin a|"/?

(i) ForM = (0,1, - 1,,0), the ST-FMT (3.1) boils down to an n-dimensional short-time Fourier
transform:

Fal o) = G [ FoodGr=me ™ s

(iii) If the sub-matrices A = diag(ayy, ..., a,,), B = diag(bi, ..., b,,), C = diag(ciy,...,Cu,) and D =
diag(dyy, ..., d,,) of the real, symplectic matrix M are taken then ST-FMT (3.1) yields the short-
time separable linear canonical transform:

2 2
n (du” —2w X

1 2, 1 2
LY 1w, u) = Qmy 2 |_ bj;|'/> f f)G(x — u)e )dx,

@iv) For M = ({,,B : 0,1,), the ST-FMT (3.1) boils down to an n-dimensional short-time Fresnel
transform:

1 _— ‘(WTB_Iw—ZWTB_Tx+xTB_]x)
FIF100, ) = [y
v Cry e B o'
Now we shall establish a relationship between FMT and ST-FMT, which will be helpful in establishing
various uncertainty principles in Section 4.
For fixed u, we have

VLA Iw. 1) = L { f@Px = w)} (w). (3.3)
Applying the inverse free metaplectic transform (2.6), we have
e —1) = Ly (VYT Iow,w) (3.4)
= VI 1w, ) FKog-1 (w, x)dw
Rﬂ
= VI 1w, K (x, wydw. 3.5)
Rﬂ

Now, we discuss several basic properties of the ST-FMT given by (3.1). These properties play
important roles in multi-dimensional signal processing.

The following properties follow directly from the definition of the ST-FMT, viz: linearity; anti-
linearity; translation; modulation and scaling are omitted. We shall focus on boundedness, Moyal’s
formula and inversion.

Lemma 3.1. (Relation with n-dimensional STFT)

VML 10w, u)

1 — iwTpB we B lax—2wT BTy
2 dx

" 2ny 2 [den(B)] fR Jgte=we
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wlpB—lw

= e 2 il B s e .
@y Idet(B)|f C e = wpe X

P THY(B w, ),

where V,[ f] represents an n-dimensional STFT given in Definition 2.1.
And

1 I B~ 1 Ax)
H(X) = me f(X) (36)

Next we prove the lemma that is very important in establishing various uncertainty principles in
Section 4.

i g1 -
Lemma 3.2. Let f € L*>(R") and F(x) = e — u), then we have following relationship

between n-dimensional FT and ST-FMT:

IF[F1w)| = +/|det(B)] MV 1Bw, w). (3.7)
Proof. From (3.1), we have

VML 10w, u)

1 f —_— i(WTDB_]w+xTB_]Ax—2wTB_Tx)
= (X)p(x — w)e 2 dx
(2m)n/? \/Idet(B)I R 2
MTDB Ly
e —i(B~'w)'x
—u)e dx
(27r)"/ 24/ det(B Rn 9= w)
1 DB Ly
= FIF1(B™'w).
Idet(B)l

On changing w = Bw and taking the modulus in (3.8), we get

Videt BV LF1(Bw, w)| = [FIF1(w)l,

which completes the proof. O
I(XTB le)

W e f(X)P(x —
|F [Folw)l = [ Lmf1(Bw)]. (3.8)

Remark 3.1. If we take F(x) = u), then the above lemma yields

Theorem 3.2. (Boundedness) Let f, ¢ € L*(R"), where ¢ is a non-zero window function, then we have

1
(2m)y"/> N|det(B)|

I(Vg“[f](w, M)| < 122y 1Bl 2y -
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Proof. By using the Cauchy-Schwarz inequality in Definition 3.1, we have

VML, )]
2

= J (0 (x — w)Km(x, w)dx

R

2
[ |f<x>m«M<x, i

IA

i(w D871w+xTBflA)c72wTBfo)
—_ u)e 2

2
dx)

2m)yn2 \/ det(B f

2
(27r)"/2 \/W fR ) |[f()p(x - w)| dx)
m ( f |f (oG = w)| dx)

__ 2 pye——
- (271)”|det(B)|( 5 IF ()l dx) ( fR ,1 |p(x — )| dx)

2 2
||f||L2(R")||¢”L2(R")'

" @n)lder(B)
On further simplification, we obtain
|(V2‘[f](w, u)l < ! 1 22w 22y
(2m)"/2 y/|det(B)]
which completes the proof. O

In the following theorem, we show that the proposed ST-FMT is reversible in the sense that the
input signal f can be recovered easily from the transformed domain.

Theorem 3.3. (Inversion) For any fixed window function ¢ € L*(R"). Then, any f € L*(R") can be
reconstructed by the formula

1
f(x) = ek Lﬂ fRn (ng[f](w, w)p(x — u)Ky-1(x, wydwdu. 3.9
Proof. From (3.4), we have
fpG—1w) = Ly ([ VFIw, )]
= fOd(x —u)
= (Vg‘ Lf1w, u)HKy-1(x, w)dw.
Rn

Multiplying both sides of the last equation by ¢(x — u) and integrating with respect to du, yields

s ot -wdu = [ [ VY00 Ko (500005 - i
IR Rn

R)‘l
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TS

n

f} FOlp(x — w)du

R

SNl

5

which implies

1
f(x) = W Lﬂ [Rn (ng[f](w, w)p(x — u)Ky-1(x, w)ydwdu.

(Vg/[[ Flw, w)od(x — u)Ky-1(x, w)ydwdu

VI 1w, wp(x — wyKyp (x, wydwdu,

O

Theorem 3.4. (Moyal’s formula) Let (V}x Lf1w, u and (Vx [gl(w, u) be the ST-FMT transforms of f and

g, respectively. Then, we have

(Vx Lf 1w, w), (Vx [g](w, U)> = ([ & r2@n (@1, P2)12n)-

Proof.

(VALA10w 0, Vg1 0w, )

= f f VI 1w, Vgl w, wydwdu
R JR"

= f f VI 1w, w) l f 20y (x — u)K(x, w)dxl dwdu
an Jan -

= f f f (Vg/f[f](w,uﬂ(M(x,w).@qﬁg(x—u)dxdudw
R Jrr JRn

— f f [ f (Vg/ll[f](w,u)’KM(x,w)dw] g(0)p(x — u)dxdu.
R* JR" R®

Now applying (3.4) in the above equation, we obtain

(VILAIw, ), Vil gIow, ) = fR n fR f)1(x = ). g0 pa(x = wydxdu

f f(x)g(x)dx f &1(x — u)pa(x — u)du
R2 R~

fs 8>L2(Rn)<¢1 ) ¢2>L2(R")a

which completes the proof.

From the above theorem, we obtain the following consequences:
(1) If ¢1 = ¢2, then

(VYA 1w, 1), V310w, 1)) = g2y (f & 12

(3.10)

(3.11)
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(1) If f = g and ¢; = ¢», then

(VM0 0, VYL 10w, 1)) = 112l Fll e (3.12)
(i) If f = g and ¢; = ¢ = 1, then
(VYLAIw, 0, VYA 10w, 1)) = [l (3.13)

Equation (3.13) states that the proposed ST-FMT (3.1) becomes an isometry from L>(R") into L>(R").
In other words, the total energy of a signal computed in the short-time non-seperable linear canonical
domain is equal to the total energy computed in the spatial domain.

Remark 3.5. Suppose that ||f||iZ(Rn) =1 and ”g”iz(w) = 1. Then (3.12) gives

ff(Vg‘[f](w,u)dwduzl. (3.14)
R" JR?

Equation (3.14) is known as the radar uncertainty principle in the ST-FMT domain. It is easily seen
that the function ‘Vg‘ [f1(w, u) cannot be concentrated arbitrarily close to the origin.

4. N-dimensional uncertainty principles for the short-time free metaplectic transform

The uncertainty principle lies at the heart of harmonic analysis, which asserts that “the
position and the velocity of a particle cannot be determined precisely at the same time.” Authors
in [32] studied various uncertainty principles associated with non-seperable LCT. Since ST-FMT is
the generalized version of FMT and keeping in view the fact that the theory of UP’s for the short-
time free metaplectic transform is yet to be explored exclusively, it is natural and interesting to study
different forms of UP’s in the ST-FMT domain.

4.1. Pitt’s inequality

The Pitt’s inequality in the Fourier domain expresses a fundamental relationship between a
sufficiently smooth function and the corresponding Fourier transform [26]. The Pitt’s inequality
introduced in [32] can be extended to the free metaplectic transformation domain. We here extend
it to the ST-FMT domain.

Lemma 4.1. (Pitt’s inequality for the FMT [35]) Let f € S(R") the Schwartz class in L>(R"), then we
have the inequality

W™ Lmlf 1w)Pdw < ColderB)™ | [xI°1f (x)Pdx,
Rﬂ

Rll
2
where C, = % [F(%) /l"(”fTo‘)] and 0 < a < n.
Based on Pitt’s inequality for the FMT, we obtain Pitt’s inequality for the ST-FMT.
Theorem 4.1. (Pitt’s inequality for the ST-FMT) Under the assumptions of Lemma 4.1, we have

f f W VI 1w, w)Pdwdu (4.1)
n Rﬂ

= Coldet(B) ™ lI¢117z, f Xl f (P dx. (4.2)
R
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Proof. Let f2(x) = f(x)¢(x — u), then by virtue of (3.3), we have
fRn W=V L 1w, w)Pdw = fR W™ Lml £ (0] dw.
Now applying Lemma 4.1 to the above equation, we obtain
N W=V L 1w, w)Pdw
< Coldet(B)[™ 3 x| £ ()P

< Colder(B)[™ N Xl f ) (x — w)Pdx.

(4.3)
On integrating both sides of (4.3) with respect to du, we have
fn f W=V L 1w, w)Pdwdu
< Cyldet(B)|™ fR | W1F60c — w)fdoxdu
= ColdetB) ™ IBII7 z, fR ) IxI?1f(0)Pdx,
which completes the proof. O

4.2. Lieb’s UP

Here we shall establish Lieb’s uncertainty principle for the ST-FMT by using the relation between
ST-FMT with the short-time Fourier transform in L*>(R").

Theorem 4.2. (Lieb’s) Let ¢, f € L*(R") and 2 < p < oo. Then the following inequality holds:
f f [V L 1w, w)lPdwdx < Ei(I|f||L2<Rn>||¢||L2<Rn>)p-
R JRo p|det(A)"?
Proof. For every f € S(R") C L*(R"), the Leib’s inequality for the STFT states that
fR ). Vel AA0v o dwdi < %(||f||Lz<Rn)||¢||L2<Rn>)”, (4.4)

where V[ f1(w,u) denotes the STFT of f given by (2.1) and S(R") is the Schwartz class in L*(R™).
To obtain an analogue of the Leib’s inequality for the ST-FMT, we replace f in the above equation

by H (defined in 2.12),
f f |V [H](w, w)|’ dwdx
2
< 1_7 (||H||L2(Rn)||¢||L2(Rn))p

AIMS Mathematics Volume 8, Issue 12, 28951-28975.
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p

1/2
dx] ||¢||L2(R")] . 4.5)

1 I(XTB L Ax)

o | Videt A J@)

A

Setting w = B~'w in (4.5), we get

f f |B |V [HI(B™'w, w)|P dwdx
R* JR"

2 1 1/2 P
< EW(( . |f(X)|2dx) ||¢||L2(Rn)) , 4.6)

Now using Lemma 3.1, we obtain

f B[l (VM [F1(w, )P dwdx
R JR"

) 12 p
< pW(( lFP dx) ||¢||L2(]R”)) .

On further simplifying, we have
f [V L 1w, )P dwdx
RVL R)l

- . 12 P
< gLk a) v

2_ 18
= ;W(I|f||L2(Rn)”¢”L2(R”))p,

which completes the proof.

4.3. Heisenberg’s UP

In [32], authors introduced Heisenberg’s UP to observe the lower bound of uncertainty
corresponding to the free metaplectic transformation. We extend it to the proposed Heisenberg’s UP
for the ST-FMT.

Theorem 4.3. (Heisenberg’s UP) Let (Vg‘ [f1 be the short-time free metaplectic transform of any non-
trivial function f € L*(R") with respect to a real free symplectic matrix M = (A, B : C, D), then the
following inequality holds:

5 1/2 1/2
{ f f Wi | VLA 1w, ) dw} { f x2|f<x)|2dx}
Rn n Rn

nUmm(B)
= ||f||L2(Rn)||¢”L2(R”)' (47)
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Proof. For any f € L*(R") the Heisenberg—Pauli—-Weyl uncertainty inequality for the FMT domain is

given by [32]:
2 2 2 2 n’o %u'n(B) 2 ’
fR U idx fR Pl o0 > T { fR e dx} .

Using the inversion of FMT (2.6) into the (2.8), above inequality becomes

fR ) | Ly A Ll F I dx N W | Ll 1) dw

n’c2, (B) L\
> W{ fR Ll 100 dw} ,

since V3'[f] € L*(R"), therefore replacing L[ f1(w) by V[ f] € L*(R"), we obtain

f P Lk VL1 0w, )| dx f Wi [VMLF 100, )] dw
Rn R2

nzo',znm(B) 2 2
> W{f]& [V 10w, ) dw} .

First taking the square of the above equation and then integrating both sides with respect du, we obtain

1/2 1/2
| { [ |LM1wg‘[f]<w,u)}|2dx} { | |w|2|(vg“[f](w,u>|2dw} du
Rt (JRr R

ZMZ;Z(E f f [VMLFLOw, )| dwae

As a consequence of the Cauchy—Schwartz’s inequality and Fubini theorem, the above inequality yields

1/2 1/2
{ f f x2|1:M-1{fvg‘[f]<w,u>}|2dxdu} { f f |w|2|fvg“[f](w,u>|2dw}
R R R~? R~?

min B
> 1ninB) f VML F1Ow, 0] dweu.
4r R JRr
Now using (3.4) and (3.12) the above equation, we have

1/2 1/2
{ f f X |f(x)¢(x—u)|2dxdu} { f f w|? |(vg4[f](w,u)|2dw}
R? JR"

( )
Z mm ||¢”L2(R")||f”L2(R”

Simplifying, we obtain

1/2 1/2
{||¢||L2(R,z) fR x2|f<x>|2dx} { fR n fR T |vg“[f]<w,u>|2dw}

mfm n(B)
> l ”¢”L2(R”)”f”L2(]R”

On dividing both sides by ||¢|| 2> we will get the desired result. O
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Theorem 4.4. (Hausdorff-Young) Let 1 < p <2 and q be such that 1—17 + é = 1. Then for ¢ € L{(R") and
f € LP(R"), the following inequality holds:

||(Vg/[[f](W, Wlzaeny < N@llranllfllLrn)- (4.8)

Proof. The definition of FMT 2.2 and procedure defined in Theorem 5.1 [36] together leads to

Ll Mzarry < NfNlpny- 4.9)

For p =1, we get
LML NMro@ny < NF 11z n- (4.10)
Now using (4.10) and taking ||@||z«r~ = 1, Eq (3.3) yields

1Ll f(0)P(x = i)}l
||{f(x)¢(x - M)}”L'(R”)

ANl ey 11| o ey

WAl ey

VL 10w, w)ll o zery

IA I

IA

Now for p = 2, we obtain
||(Vg/[[f](W, Wllz2ery < Nfllz2gm)-

By Riesz-Thorin interpolation theorem, we have

VLA, lla@ry < 1A lleon. (4.11)
Now setting g = m, where ¢ is a window function in L”(R"), we have by anti-linearity property
of FMT .
VI 1w, u) = VI 1w, w). (4.12)
B3]l Loz
On taking ¢ = g in (4.11), we obtain
||(V§4[f](W, Wlzawny < N fllzran)s (4.13)

which on simplification becomes

M
||(V¢ LAIw, illzacrny < Nlllzoqen | f Loy

This completes the proof. O

4.4. Logarithmic UP

In 1995, W. Beckner [26] introduced the Logarithmic uncertainty principle. In this subsection we
obtain the concept of Logarithmic uncertainty principle for the short-time free metaplectic transform
as follows:
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Theorem 4.5. (Logarithmic UP) Let ¢ be a window function in L*(R") and let (Vg/[[ flw,u) €
S(R™), then the short-time free metaplectic transform satisfies the following logarithmic uncertainty
inequality:

fflnle‘TII(Vqlt‘[f](w,u)lzdwdu+|I¢|liz(Rn)flnIXIIf(X)Ide
R JR" R~

S (F’(n/Z)
“\I'(n/2)

2 2
- ln ﬂ) ||¢”L2(R")||f”L2(R")'

Proof. For any f € S(R"), the Logarithmic UP for the free metaplectic transform domain is given
by [32]:

f In x|l f(x)Pdx + f InwB ™" | Ll f1(w)Pdw
R” R"
S (F’(n/Z) B

2
T/2) lnﬂ) N |f(x)|"dx.

Now invoking the inversion formula of the free metaplectic transform and the Parseval’s formula,
we obtain

f1H|x||-£M-1{£M[f](W)}|2dX+f In [wB™" || LuLf1(w)Pdw
R® R?

S (F’(n/Z) B
I'(n/2)

lnﬂ) f [ Lulf1w)dw.
Rﬂ

Since both L[ f](w) and (Vg“ [f1(w, u) are in S(R"), we can replace L[ f](w) by (Vg’l[f](w, u) on both
sides to get
f In [x|| Ly-{ VYL 1w, w)}Pdox + f In [wB " [V £ 1w, wPdw

-
N (r'(n/z)
“\Twm/2)

—1In 7r) VI 1w, widw.
R

Integrating above inequality with respect du on both sides and then by virtue of Fubini’s theorem,
we have

f f In x| Ly { VYL 1w, )} dxdu + f f In |wB |V f 1w, wPdwdu
R JR? R JR"

(r'(n/z) B
T(n/2)

\%

In 71) f I(Vg/[[f](w, w)*dwdu.
n Rn

Now using (3.4) and (3.12) in thef above inequality, we have

f f In [wB~ [V Lf1w, w)Pdwdu + f f In x| f(x)p(x — w)*dxcu
v Jp Rr I

(F’(n/Z)

> -
I'(n/2)

2 2
ln ﬂ) ||¢”L2(R”)||f”L2(R”)'
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Further simplifying, we obtain the desired result as

f f In|wB ™" [V Lf 10w, w)Pdwdu + 18117 5 f In |x||f (x)Pdx
R* JR" R?

S (F’(n/Z)
“\I'(n/2)

2 2
- ln ﬂ) ||¢”L2(R")||f”L2(R”)'

4.5. Hardy’s UP

G. H. Hardy first introduced the Hardy’s uncertainty principle in 1933 [37]. Hardy’s uncertainty
principle says that it is impossible for a function and its Fourier transform to decrease very rapidly
simultaneously. Hardy’s UP in the Fourier transform domain [38] was given as follows:

Lemma 4.2. (Hardy’s UP in the Fourier transform [38]) If f(x) = O(e"xlz/ﬁz), Flflw) =
O((2r)" 21671y and 1/aB > 1/4, then f = 0. If 1/af = 1/4, then

f=Ce e
where C is a constant in C.

Based on Lemma 4.2, we derive the corresponding Hardy’s UP for the ST-FMT.

Theorem 4.6. (Hardy’s UP in the ST-FMT) If f(x) = O(e™™"/B"), Ff1(w) = O(Qn)"2e 16718 w*/a%)
and 1/af > 1/4,then f =0.If 1/aB = 1/4, then

il p=1
_lxlz/ﬂz_t(x B™'Ax)

f=Ce z

where C is a constant in C.

i B~ 1A

Proof. Consider then function F(x) = e~ 2 f(x)d(x — u).
On setting u = x then we have

IF(0)| = [f(0)$(0)] = O /),
Also by Lemma 3.2, we have

|F [F1(w)]

Vdet(B) VY[ f1(Bw, u)|

O((zn_)n/Z e—l6n2|B’lw|2/a2 ).

Following from Lemma 4.2:
If 1/aB > 1/4, we have F = 0, which implies f = 0.
Also, if 1/af = 1/4, then
F(x) = Ce M IF
implies
WP gAY

fx)=C

This completes the proof.
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4.6. Beurling’s UP

Beurling’s uncertainty principle is a more general version of Hardy’s uncertainty principle, which is
given by A. Beurling. It implies the weak form of Hardy’s UP. Beurling’s UP in the Fourier transform
domain is as follows:

Lemma 4.3. (Beurling’s UP in the Fourier transform domain [24]) Let f € L*(R") and d > 0 satisfy

f [fONFf1w)] .
v Jon (€

N dxdw < oo.
L+ [lxdl + [Iwl))?

Then
f(x) = P(x)e ™40,

where A is a real positive definite symmetric matrix and P(x) is a polynomial of degree < d%”
According to Lemma 4.3, we derive Beurling’s uncertainty principle for the ST-FMT.

Theorem 4.7. (Beurling’s UP) Let f, ¢ € L*(R") where ¢ is a nonzero window function and (Vg/[[ fle
L*(R™) satisfies

2B Wl gxdw < 0o,  where d > 0.

f f LFOlgCx = illVILF 1w, w) .
wr Jre Vldet(B)I(1 + |Ixl] + 1B~ wil)!

Then

—ixT B~ 1A

—(Ax,Xx)
b

f(x) = P(x)/¢(x — u)e
where A is a real positive definite symmetric matrix and P(x) is a polynomial of degree < d%".

T B

Proof. Consider the function F(x) = e — f(x)¢(x — u), then

f f [FONF [F1(w)I 2 7y
R JR"

(1 + [lxll + [l
B F@lipCx = w)| Videt B VYL 1(Bw, u)
- fR f " (1 + [Ixd] + [Iwl)?
B f f LFONBCx = VLA 1w, w)]
" oo Jeo NI @11+ xll + 1B Wl

W dedw

2Bl xdw < oo,

Therefore by Lemma 4.3, we have
F(x) = P(x)e™4,

where A is a real positive definite symmetric matrix and P(x) is a polynomial of degree < ‘%”.
— 7B lax
Furthermore f(x) = P(x)/¢(x — u)e e

? —n(Ax,x). O
This completes the proof.
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4.7. Nazarov’s UP

Nazarov’s UP was first proposed by F. L. Nazarov in 1993 [22]. It measures the localization of
a nonzero function by taking into consideration the notion of support of the function instead of the
dispersion. In other words it argues what happens if a non-trival function and its Fourier transform are
only small outside a compact set. Let us start with Nazarov’s UP for the Fourier transform.

Lemma 4.4. (Nazarov’s UP for the Fourier transform [23]) There exists a constant K, such that for
finite Lebesgue measurable sets S, E C R" and for every f € L*(R"), we have

ke ([ iperass [ winooras)s [ oora
R™\S RN\E R

where K(S, E) = Kmin(IS||E|, |S|"", u(E), u(S)|E''™), u(S) is the mean width of S and |S| denotes the
Lebesgue measure of S.

Now we shall establish Nazarov’s UP to the short-time non-sperable linear canonical
transform domain.

Theorem 4.8. (Nazarov’s UP) Let (Vg’[[ f1 be the short-time FMT, then under the assumptions of
Lemma 4.4 for every f € L*(R"), the following inequality holds:

||¢”1242(R”) f |f(X)|2d.x
Rn

< KK (||¢||§2(Rn> f F()Pdx + f f I"Vg“[f](w,u)lzdwdu)-
R™\S R" JR*(\EB)

Proof. Applying Lemma 4.4 to the function F(x) € L>(R") defined in Lemma 3.2, we have

f |F(x)|?dx < KeXS-P ( f |F(x)[*dx + f |7—“[F](w)|2dw).
R» R™M\S RM\E

Now with the help of Lemma 3.7, we have
[f(0$(x — w)dx
Rl‘l

< KeKGB) ( f |F(x)(x — u)dx + f | Videt(B) VI f1(Bw, u)|2dw).
RMS R"\E

Integrating both sides with respect to u, we obtain

f f |f)p(x — w)Pdxdu
Rn ]Rn

< Kk f ( f If()P(x — w)*dx + f |\/Idet(B)l(Vg/I[f](Bw,u)IZdW)du.
R \JR"MS RME

Implementing Fubini’s theorem, we have
100y [ 0P
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SKeK(S’E)(IWIIiz(Rn) f |f(x)IPdx + |det(B)| f f [V [f](Bw,u)Izdwdu)
R7\S R JRN\E

=Kﬂ“wmﬁmj‘umWM+f f |v%ﬂmemwy
RM\S R" JR"(\EB)

which completes the proof. O

Alternative proof. For any function f € L*>(R") and a pair of finite measurable subsets S and E of R”,
Nazarov’s uncertainty principle in the linear canonical domain reads [32]

&mﬁf mﬁw+f wmmw%ﬁz f()Pdx, (4.14)
RM\S RI\EB R

where K(S,E) = Kmin(|S||E|,|S "™, u(E), u(SH|E|''™), u(.) is the mean width of measurable subset,
and |.| denotes the Lebesgue measure. Moreover, the relationship between the ST-FMT and the FMT
is given by

VI 1w, ) = Lul f)P(x — w)h(w). (4.15)
Since f(x)¢(x — u) € L>(R") then by virtue of (4.14), we have

|f(0$(x — w)Pdx
R’l
< KD ( f [f(0$(x — w)Pdx + f | Lmlf (0)p(x - u)](W)IZdW) :
RI\S RI\EB

Using (4.15), we have

f f()P(x — w)lPdx

Rn
< KefSP ( f |f(0$(x — w)Pdx + f Ve L 1w, u)lde)-
R7\S RI\EB

Integrating both sides with respect to u, we obtain

f fO(x — u)*dxdu
n Rn

< KeXGB f ( f |f(X)p(x — u)|*dx + f |(vg“[f](w,u)|2dw)du.
R" R™M\S R™\EB

On implementing the well known Fubini theorem in above equation, we obtain the desired result as
||¢||22(R”) fRn |f(-x)|2d-x

s&mﬁwamf www+ff‘rﬁmwmwwﬁ
R™M\S R" JR"\EB

This completes the proof.
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5. Numerical example and potential applications

Using simulation, we will offer an illustrated case in this section to demonstrate the proposed ST-
FMT (3.1) and some potential applications.
We start with an illustrative example as:

Example 5.1. Consider a function given by f(x) = €™ 1™ and taking the window function ¢(x) =

2 2
)
e ( 2 ), which is a well known 2D-Gaussian window function. Then

(X%‘FMZ 1=2xqup) (X%+M%*2X2M2)

d(x—u) = e( ’ o (5.1)

Subsequently, the ST-FMT (3.1) of f(x) with respect to the 2D-Gaussian window function ¢(x), and
the real symplectic matrix M = (A, B : C, D) with

1 -1 S
4 4

-3 -6 2 2
(3% o3 1)
36 5 3
is given by
VMLF 1w, u)
1 f f( )ﬁ i(wTDB_lw+xTB2_1Ax—2wTB_Tx) d
= X))o (x —u)e X
2n) Vldet(B)| Jr2

(X%‘Fuz 1—2xquy) (X%Jru%fozuz))
- 2 - 2

~ 2n) NIdei(B)) Lz ¢

iw! DB~ Lw+xT B~ 1 Ax—2wT BT )

Xe 2 dxdx,.
Moreover, we have
wIDB™'w = (w, wz)( _08 g )( x; ) = —8W% + 2w§, (5.3)
w B Tx = (w wz)( )( ) —2(wy + wo)x; — 2(W; — wa)xa, (5.4)
B! -4 0 2 2
B Ax=(x; x) 0 4 = —4x| + 4x;. (5.5

Plugging Eqgs (5.3)—(5.5) in Eq (5.3), we get

V1w, u)
_ 2\/— e_XI xze_(xlwlzleu]) (%ﬂt%;szuz)
27T R2
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i 2 2 2
Xe%(—8W1+2W2+4W1X1 +4w2x1+4w1x2—4W2x2—4x1+4x§)dxldx2

(M%‘Fu%)

{72

\/56 i(—4wz+w2) —(3+2i)x2+(2i(w1+w2)+u1)x1

= —¢ 12 e \2 1 dx;
T

R
% f o~ (3-20)x3+Qitwi—w2)+u2)x2 dx,
R

ded 2i 2 20wy —ws))?
2 \/E —((4W%—W%)z+—1 5 2) (("1+ ’é’iz;wﬁ) + (up+ tgg” wo))
Te e . (56)

It is clear from (5.6) that the ST-FMT given in Definition 3.1 can be visualized as a signal with four
parameters wy, wy, u; and u,. A simultaneous visualization of the ST-FMT in all the four variables is
hardly possible. Therefore, in order to have a sound visualization, some variables have either to be
fixed or eliminated, so that one is restricted to a particular section of the parameter space. This gives
rise to several representations associated with the ST-FMT (3.1).

(i) Position Representation: If (Vg/[[ fl(w,u) is solely regarded as a function of the translation
parameter u in (5.6), then the ST-FMT (3.1) yields a position representation system (Vg‘ [£]1(., u), which
is widely used in image processing: Shape and contours of objects, pattern recognition, detection of
position, image filtering and so on. The real and imaginary parts of the position representation of
(Vg‘ [f1(w, u) for the symplectic matrix M given by (5.2) are presented in Figure 1.

(ii) Frequency Representation: If in (Vg‘ [f1(w, u) the translation parameter u is kept constant, then
the ST-FMT (3.1) is regarded as a function of frequency w. The frequency representation system
(Vg‘[ Sf1(w,.) 1s especially useful in situations where frequency behaviour is important. The real and
imaginary parts of the frequency representation of (Vg‘[ f1(w, u) for the symplectic matrix M given
by (5.2) and u = (0, 0) is presented in Figure 2.

_x10

09
08
407

08

Real part

1
Imaginary part

o0s

04

08 e T 02

u2 ul

Figure 1. Real and imaginary parts of the position of an Example 5.1 for w = (2, 1).
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Figure 2. Real and imaginary parts of the frequency of an Example 5.1 for ¢ = (0, 0).

The UPs in the ST-FMT environment share the same philosophy as the UPs in the FMT
environment. The ST-FMT case is subject to suitably incorporate the window function. The purpose of
this section is to demonstrate the value and significance of the theorems in signal processing through
a few hypothetical applications. The band-widths are frequently estimated using UPs. For example,
if the spread of the signal in the time domai? 2(TM) is known, then the bandwidth of a system that
n“o=. (B

e

the estimation of effective bandwidths in the ST-FMT. Other potential applications can be found in
the estimation of the lower bound of an integral as if a signal in Theorem 4.3 is determined, it is
difficult to obtain the value of the left side of Theorem 4.3 by calculating the integral. However,
an estimation of the left side of Theorem 4.3 can be easily obtained based on Theorem 4.3. The
UPs have some applications in signal recovery. Donoho and Stark [16] studied the problem of signal
recovery. The potential applications can be found in signal modulations and filter design, such as the
methods presented in [39,40]. Authors in [8] have shown that the uncertainty principle related to the
spread in the FMT domain has an immediate application in the discussion of some well-known optical
propagation models, such as wave propagation through an aperture, free-space propagation and pulse
propagation in optical fibres. The correlative result has been applied to the ST-FMT domain as well.

performs ST-FMT cannot be narrower than

Thus, the derived Theorem 4.3 can be used in

6. Conclusions

In this paper we presented a novel concept of short-time free metaplectic transform. Based on the
properties of ST-FMT and FMT, the relationship between these two notations are presented. Important
properties such as boundedness, reconstruction formula and Moyals formula are derived. Then, we
extend some different uncertainty principles from quantum mechanics including Lieb’s inequality,
Pitt’s UP, Heisenberg’s UP, Hausdorff- Young inequality, Hardy’s UP, Beurling’s UP, Logarithmic UP
and Nazarov’s UP which have already been well studied in the ST-FMT domain. Finally, we provided
a numerical example and some potential applications of the proposed ST-FMT.
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