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Abstract

Frames have very important and interesting properties which make

them very useful in the characterization of function spaces, signal

and image processing, sampling theory and many other fields.

An important tool for the construction of tight wavelet frames on

local fields of positive characteristic is the tool of unitary extension

principle. In this paper, we continue the study based on the extension

principles and give an explicit construction of a class of tight

affine frames as well as quasi-affine wavelet frames on local fields of

positive characteristic.

1. Introduction

The frame was first introduced by Duffin and Schaeffer [4] in the study

of non-harmonic Fourier series in 1952, reintroduced in 1986 by Daubechies

et al., and popularized from then on. Frames and their duals have very

important and interesting properties which make them very useful in the
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characterization of function spaces, signal and image processing, sampling 
theory and many other fields. A frame is a family of elements in a separable 
Hilbert space which allows stable not necessarily unique decomposition of 
arbitrary elements into expansions of frame elements. A sequence  1kkf  
of elements of a Hilbert space   is called a frame for   if there exist 
constants 0, BA  such that for all ,f  

 
1

22222 ,,
k

k fBfffA  

where A and B are the lower and upper frame bounds, respectively. If 
,BA   then the frame is called a tight frame. If ,1 BA  then the frame 

is called a normalized tight frame. The particular frames of interest to us will 
be the frames in the space  2L  which are generated by the combined 
action of dilations and translations of finite number of functions. In order       
to describe these frames, for ba,  with 1a  and ,0b  we define 
wavelet systems as 

     .,::,, 2,  kjkbxaaba jjkj  
Wavelet systems  ba,,  that form frames for  2L  have a wide 

variety of applications [3, 7]. Therefore, one of the fundamental problems in 
the study of wavelet frames is to find conditions on , a and b such that the 
system  ba,,  forms a frame. In 1990, Daubechies obtained the first 
result on the necessary conditions for wavelet frames, and then in 1993, Chui 
and Shi obtained an improved result. Cassaza and Christensen provided a 
stronger version of Daubechies’s sufficient condition for wavelet frames       
in  .2 L  In recent years, these conditions have been further improved and 
investigated by many authors [15, 17, 20]. All these concepts are developed 
on regular lattices, that is the translation set is always a group. Gabardo       
et al. in [5, 6] have developed the concept of nonuniform wavelets on 

 .2 L  Here, the translation set is not a discrete subgroup of ,  but a union 
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of two lattices. Subsequently, nonuniform wavelet frames associated with 
spectral pairs were constructed by Shah and Bhat [16] using the machinery 
of Fourier transforms. In fact, they obtained necessary and sufficient 
conditions for the nonuniform wavelet system to be a frame for  .2 KL  
Recent results in this direction can also be found in [7, 9-17] and the 
references therein. Separable and non-separable wavelet frames have been 
widely studied by Pan and Wang [12]. Here, the authors have shown that           
the tree-structured wavelet decomposition based on non-separable wavelet 
frames has better performance than that based on separable ones. 

Benedetto and Benedetto [1] constructed wavelets on some specific 
groups   like p-adic rational group ,p  Cantor dyadic group   ,2 t  etc. 
You et al. [20] have provided a construction of new nontensor product         
of wavelet filter banks for providing a blind watermarking scheme. Here, 
they have utilised special symmetric matrices in the construction of these 
nontensor product of wavelet filter banks that can capture the singularities     
in all the directions. Here, in this paper, we concentrate on local fields. The 
local fields have been deeply studied in [2, 15-18]. 

We turn to investigate tight affine, quasi-affine wavelet frames on local 
fields of positive characteristic. The paper is organized as follows. Section 2 
briefly introduces some notations of local fields needed throughout the 
paper. Section 3 is devoted to the discussion of tight affine, quasi-affine 
wavelet frames on local fields. Finally, Section 4 concludes the paper.  

2. Preliminaries on Local Fields 
A field K equipped with a topology is called a local field if both the 

additive K  and multiplicative groups K  of K are locally compact Abelian 
groups. The local fields are essentially of two types: zero and positive 
characteristic (excluding the connected local fields   and .)  Examples of 
local fields of characteristic zero include the p-adic field ,p  whereas local 
fields of positive characteristic are the Cantor dyadic group and the Vilenkin 
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p-groups. Even though the structures and metrics of local fields of zero           
and positive characteristics are similar, their wavelet and multiresolution 
analysis theory are quite different. In recent years, local fields have attracted 
the attention of several mathematicians, and have found innumerable 
applications not only to number theory but also to representation theory, 
division algebras, quadratic forms and algebraic geometry. As a result,           
local fields are now consolidated as a part of the standard repertoire              
of contemporary mathematics. For more about local fields and their 
applications, we refer to the monographs [13, 19]. 

Let K be a field and a topological space. Then K is called a local field     
if both K  and K  are locally compact Abelian groups, where K  and K  
denote the additive and multiplicative groups of K, respectively. If K is any 
field and is endowed with the discrete topology, then K is a local field. 
Further, if K is connected, then K is either   or .  If K is not connected, 
then it is totally disconnected. Hence, by a local field, we mean a field K 
which is locally compact, non-discrete and totally disconnected. The p-adic 
fields are examples of local fields. More details are referred to [13, 19]. In 
the rest of this paper, we use the symbols 0,   and   to denote the sets of 
natural, non-negative integers and integers, respectively. 

The Fourier transform f̂  of a function    KLKLf 21   is defined 
by 

       K dxxxff .ˆ  (2.1) 

It is noted that 
            K K dxxxfdxxxff .ˆ  

Furthermore, the properties of Fourier transform on local field K are much 
similar to those of on the real line. In particular, Fourier transform is unitary 
on  .2 KL  
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We now impose a natural order on the sequence    .0nnu  We have 

 ,~ qGFBD  where  qGF  is a c-dimensional vector space over the    
field  .pGF  We choose a set     D1210 ...,,,,1 c  such that 
span   .~10 qGFcjj    For 0n  satisfying 

,0,,0 1110 papapaanqn kcc  L  and 
,1...,,1,0  ck  

we define 
    .111110   pccaaanu   (2.2) 

Also, for ,2210 ssqbqbqbbn  L  ,0n  ,0 qbk   k  
,...,,2,1,0 s  we set 

        .110 ssbububunu   pp   (2.3) 
Hence,  nu  for all 0n  is defined. Generally, we cannot say that 
     .numunmu   But, if 0, kr  and ,0 kqs   then  srqu k   
   .suru k  p  Moreover, we can verify that   0nu  if and only           

if 0n  and        00 ::   kkukkuu   for a fixed .0  
From hereafter, we will use   .0,  nnun  

Consider the local field K to be of positive characteristic t and let 
1210 ...,,,,  c  be as above. Then the character  on K is defined as 

follows: 
   





  .1or1...,,1,1

,1and0,2exp
jc

jtijp  (2.4) 

3. Affine and Quasi-affine Tight Frames 
For j  and ,0k  we define the dilation operator jD  and the 
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translation operator kT  as 

     jjj fqfD p2  and      ., 2 KLfkffTk   
Given ,j  we have    .kujjku jTDDT  p  Moreover, a space V is said 
to be invariant under integer-shift if for any function ,Vf   VfT j   for 

.j  
A system  KLX 2  is said to be a tight frame for  KL2  if for any 

 ,2 KLf   

  
XgKL gff 22 ,2  

holds. This can be rewritten as 
  

Xg
KLfggff .,, 2  

Definition 3.1. Let  L ...,,,: 21  be a finite family of 
functions in  .2 KL  Then the affine system generated by  is the collection 

   ,,;1:: 0,   kjLX kj ll  
where      .2, lll   kujjjkj TDkuq p  

The wavelet symbols L ...,,, 21  are called the orthonormal 
wavelets whenever  X  forms an orthonormal basis of  .2 KL  These 
symbols are called the tight framelets if the system  X  forms a tight 
frame for  .2 KL  

The construction of tight framelets often starts with the construction of 
MRA, which is built on refinable functions. A compactly supported function 
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 KL2  is called refinable if it satisfies a refinement equation: 

      
0

121
k

k kuxhqx p  (3.1) 

for some    .: 020  lkhk   The Fourier transform of (3.1) yields 
     ,ˆˆ 0  ppm  (3.2) 

where 
    

0
210

k
kkhqm  

is an integral periodic function in  D2L  and is often called the refinement 
symbol of . Given a refinable function  KL2  with   ,00ˆ   the 
sequence of subspaces   jjV  defined by 

    ,:span 0  kkuV jj p  
will form an MRA for  .2 KL  Recall that  jV j :  is called an MRA if 
it satisfies: (i) 1 jj VV  for every ;j  (ii)  j jV  is dense in  KL2  
and (iii)    j jV .0  In this paper, we only consider the refinable 
function  KL2  satisfying the following properties: 

  1ˆlim 
j

j p  for a.e. D  

and 
   

0
1ˆ 2

k
ku  for a.e. .D  

Given an MRA generated by the refinable function , one can construct (see 
[4]) a set of MRA-based tight framelets   121 ...,,,: VL   which 
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is defined by 

     ,ˆˆ  pp
 m  (3.3) 

where 
    

0
1,21

k
kk Lhqm ll

l  

are the integral periodic functions in  D2L  and called the framelet symbols 
or wavelet masks. The UEP gives conditions on Lmmm ...,,, 10  such that  
becomes a set of tight framelets with  X  being a tight frame for  .2 KL  

Theorem 3.2 (Unitary Extension Principle). Let  KL2  be such that 
    0:  kku  is an orthonormal system. Let    kuqspanV  121 p  

.: 0k  Let     l
k klkl hqm 021 ,  ,0 ql   where  0, khlk  

 02 l  for .0 ql   Define      .ˆˆ  pp lll m  Then     :kul   
0,0  kql  is an orthonormal system in V if and only if the matrix 

      1 0,  q kll kumM pp  
is unitary for a.e. .D  Moreover,     0,0:  kqlkul  is an 
orthonormal basis of V whenever it is orthonormal. 

The deconvolution process has to be formulated by quasi-affine systems. 
We define the quasi-affine systems from a fixed level say J on local fields of 
positive characteristic. 

Definition 3.3. The quasi-affine system from level J, generated by , is 
defined as 

   ,,;1::~ 0,   kjLX kjJ   
where 
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.,

;,
~

22

2
,

JjkuqDTq

JjkuqTD
JjJj

jku
Jj

jjkuj
kj

J pp

p

p
ll

ll

l  

The quasi-affine system can be obtained from oversampling the affine 
system. This means that we oversample the affine system beginning from the 
level 1J  and downward to a Jq -shift invariant system. Thus, the whole 
quasi-affine system is a Jq -shift invariant system. This system from level 0 
was first introduced in [2]. 

In the present paper, we make use of quasi-interpolatory operator.        
Let  be the refinable function of the given MRA   jjV  and  ,: 1  

 12 ...,, VL   be the set of corresponding tight framelets obtained via 
UEP. The quasi-interpolatory operator in the affine system  X  generated 
by  is defined as 

      
0

.,,,: 2,,



k

kjkjj KLfjxfxfP a  

It is obvious that   .jj VxfP   Moreover, the quasi-interpolatory operator 
has the truncated representation 

     
L

k
kukuj ujxfxfQ

1
,,

0
.,,:

l

lla


  

Furthermore, from the standard framelet decomposition, we have 

       
  L

k
kjkjjj xfxfPxfP

1
,,1

0
,

l

ll


 and 

   .xfQxfP jj   (3.4) 
On considering MRA based on quasi-affine system  JX~  generated 

by , the spaces JjV j ,  in the MRA based on affine system will be 
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replaced by JjV Jj ,~  for the quasi-affine system. Comparing with the 
space jV  spanned by functions ,, kj  the space JjV Jj ,~  is spanned by 
the functions ,~ , kj  where 

    

     
.

,

,
~

22

2

,
















JjkuqDTq

JjkuqTD

JjJj
jku

Jj

jjkuj
kj

J pp

p

p

l

 (3.5) 

The spaces JjV Jj ,~  are Jq -shift invariant. Similar to the affine system, 
we can define quasi-interpolatory operator JjP~  and the truncated operator 

,~JjQ  for the quasi-affine system as 
    

0
,, ~~,:~

k
kjkjJj xfxfP a  (3.6) 

and 

     
L

k
kukuJj ujxfxfQ

1
,,

0
.,~~,:~

l

lla


  (3.7) 

The quasi-interpolatory operator JjP~  takes f of  KL2  to .~JjV  From the 
system (3.5), it is clear that jJj PP ~  whenever Jj   and these operators 
differ only for the case .Jj   Furthermore, for any  KLf 2  and ,Jj   
we have 

  
0

,, ~~,~
k

kjkjJj xfP  

     



0

22,
k

jku
Jj

jku
Jj

xDTqDTqf JJ pp  
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0

,0
k

jkuJJjkuJJJj xDTDDDTDDfq JJ pp  

      





 
0

2
0

2
0

,
k

Jjku
Jj

Jjku
Jj

JJ xDTqDTqfDD Jp  

 .~0 xfDPD JJjJ   
From the above system, it is clear that one needs to understand the case 
0J  only. So, we simplify our notations by setting 

00 ~~,~~ jjjj QQPP   and .~~ 0jj VV   
Thus, it will be sufficient to study the properties for jP~  and the 

corresponding spaces jV~  associated with the quasi-affine system   X~  
 .~0 X  The results corresponding to the oversampling rate 0Jq  can be 

obtained similarly. So, we consider the quasi-affine system  .~ X  
Theorem 3.4. Let  X  be the affine tight frame system obtained via 

the UEP and  X~  be the quasi-affine frame derived from  .X  Then for 
all  ,2 KLf   we have 

       
  L

k
kjkjjj xfxfPxfP

1
,,1

0
.~~,~~

l

ll


 (3.8) 

Proof. For ,0j  we have 
  kjkujkj TD ,,~   and   ,~ ,,  kjkujkj TD   

which yield 
         


0 0

~~~,, ,,,,
 k k

jkjkjkjkjj xfPxfxfxfP  

and 
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 L

k
kjkjj xfxfQ

1
,,

0
,

l

ll


 

     
 L

k
jkjkj xfQxf

1
,,

0
.~~~,

l

ll


 

Using (3.4), we have 

         
  L

k
kjkjjjj xfxfPxfPxfP

1
,,11

0
,~

l

ll


 

     
 L

k
kjkjj xfxfP

1
,,

0
.~~,~

l

ll


 

Thus, (3.8) holds for .0j  Let us now prove the result for the case .0j  
We also denote  by .0  

Using equations (3.1) and (3.3), we obtain 
      

0
.1

k
k kuxhqx pll  (3.9) 

Equation (3.9) leads to 
     xTqx jkujkj  p ,~  

    





   

0
101

r
jrkuj ruxhTq pl  

       
0

1101
r

jjjr rukuxqh ppl  

      


 
01 1 .101

j j
r

jj
r rukuxqh

p
p

pl  
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Let us define the dilated sequence jh  by 


 

 


.,0
;,

01
01

, 1



j
j

kkj k
khh j

p

p
p


  

With the dilated sequence defined above, we have 
    

0
.~~ 0 ,1,,

r
rkjjrkj xhx ll  

Hence, the right side of the identity (3.8) can be written as 

   
L

k
kjkj xf

0
,,

0
~~,

l

ll


 

     



 






 






  L

k s
skjjs

r
rkjjr xhfh

0
0 ,1,0 ,1,

0 00
~~,

l

ll

 
 

     


 
 








0 0 0
.~~, 0 ,10 ,1

0
,,

  r s
sjrj

L

k
jrskjk xfhh

l

ll  

We first check 

  
 L

k
srjrskjk hh

0
,0,,

0
.

l

ll


 

When ,01 jsk p  then there exists 0  such that  sk  
1jp  and we obtain 

        L

k

L

k kjkjrskjk jhhhh
0 0

,,,
0 0

1
l l

llll

 
p

 

     L

k kjk
j jhh

0
,

01 1
l

ll

p
p
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 L

k
kk hh

0 0l

ll


 

.,0   
The sum is nonzero if and only if ,0  which is exactly .sr   If 

,01 jsk p  then there exist 021,   with 02   such that 
211  jsk p  and we get 

        L

k

L

k kjkjrskjk jhhhh
0 0

,,,
0 0 211

l l

llll

 
p

 

     L

k kjk
j jhh

0
,

01 211 .
l

ll

p
p

 

When ,01 jk p  then 01211   jjk pp  and 0
211  l jkh

p
 

with last identity equalling 0. Hence, for the filters ,...,,, 21 Ljjj hhh  we have 

  
 L

k
kk hh

0
0,0

0
.,

l

ll


  (3.10) 

Hence, we get 

       
 L

k k
kjkjkjkj xfxf

0
,1,1,,

0 0
~~,~~,

l

llll

 
 

 .~ 1 xfPj  
This proves the identity for .0j  Hence, the result holds for .0j  
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Theorem 3.5. Let  X  be the affine tight frame system obtained via 

the UEP and  X~  be the quasi-affine frame derived from  .X  Then for 
all  ,2 KLf   we have 

   .~~ xfQxfP jj   
Proof. We first prove the result for the case .0j  Since 

  ,~ ,, kjkujkj TD   
         


0 0

.~~~,, ,,,,
 k k

jkjkjkjkjj xfPxfxfxfP  

We now show that    ,~ xfQxfQ jj   for .0j  As  X  is a tight 
frame,  X~  is also a tight frame. Further, for ,0j  we have  kj,~  

  ., kjkujTD   
Hence, we obtain 

    
L

j k
kjkj xf

1 0
,,

0
,

l

ll


 

      
 L

j k
kjkj xfxf

1 0
,,

0
,

l

ll


 

    
 L

j k
kjkj xf

1 0
,,

0
.~~,

l

ll


 

Therefore, for ,0j  we have 
 xfQ j~  

           
 L

u k

L j

u k
kukukuku xfxf

1 0 1 0
,,,,

0 0
,~~,

l l

llll
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 L

u k

L j

u k
kukukuku xfxf

1 0 1 0
,,,,

0 0
,,

l l

llll

 
 

 .xfQ j  
Since    ,xfQxfP jj   we have    .~~ xfQxfP jj   This proves the result 
for the case .0j  

We now show that the result also holds for the case .0j  Using 
Theorem 3.4 inductively for ,0j  we have for any  ,2 KLf   

        
 L j

vu k
kukuvj xfxfPxfP

1
,,

0
.~~,~~

l

ll


 (3.11) 

Thus, the proof of the result reduces to the proof of   0~ xfPv  as 
.v  

Since 0h  is finitely supported, the integer shifts of v~  provide a Bessel 
sequence. Since 

    
0

,~~,~ ,,
k

kvkvv xfxfP ll  

the norm of  xfPv~  satisfies 

   
0

2 ,~,~ 2,2
k

kvKLv fCP l  (3.12) 

where the constant C is independent of v. We need to check the value             
of  KLvP 2~  when f is supported on  MM ,  for some .0M  By the 
Cauchy-Schwartz inequality, we have, for 0v  and v  sufficiently large, 

      
vEKLKLv dxxfCP ,~ 222 22  (3.13) 
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where 

  U
0

.,


 
k

vv MMkE p  

As   0~ xfPv  when v  in (3.13), the identity (3.11) becomes 

          
 L

ju k
jkukuvj xfQxfxfPxfP

1
,,

0
.~~~,~~

l

ll


 

This completes the proof of the theorem. 
4. Conclusion 

The Fourier transform due to its deep significance has subsequently been 
recognized by mathematicians and physicists. Many applications, including 
the analysis of stationary signals and real-time signal processing, make an 
effective use of the Fourier transform in time and frequency domains. In this 
paper, we extended the study based on the extension principles and provided 
an explicit construction of a class of tight affine frames as well as quasi-
affine wavelet frames on local fields of positive characteristic. These results 
provided a new way of construction of wavelet frames in terms of Fourier 
transform. They also provided a way for obtaining a new characterization of 
affine and quasi-affine wavelet frames in terms of low pass and high pass 
filters. 
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