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Abstract: In this study, the Wigner—Ville distribution is associated with the one sided Clifford-Fourier
transform over R”, n = 3(mod 4). Accordingly, several fundamental properties of the WVD-CFT
have been established, including non-linearity, the shift property, dilation, the vector differential, the
vector derivative, and the powers of T € R" . Moreover, powerful results on the WVD-CFT have
been derived such as Parseval’s theorem, convolution theorem, Moyal’s formula, and reconstruction
formula. Eventually, we deduce a directional uncertainty principle associated with WVD-CFT. These
types of results, as well as methodologies for solving them, have applications in a wide range of fields
where symmetry is crucial.
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1. Introduction

The Fourier transform is one of the most crucial fields in pure and applied mathematics.
Recently, the Fourier transform has been widely studied in integral transforms in the real,
complex or quaternion setting [1-3]. Brackx et al. [4] extended the Fourier transform
to Clifford analysis Cly,, which is called the Clifford—Fourier transform (CFT). Some
characterizations of the CFT have been discussed [5], and its application in the vector
fields and vector-valued filters have investigated by Ebling and Scheuremann [6]. Various
types of CFT’s were intensively explored by many researchers. One of the most studied
and investigated versions of CFT is Cl3 [6]. The geometric algebra of three-dimensional
Euclidean space R has been extended to n-dimensional Euclidean space Clifford algebras
Cl,. 0 [7-9], where some fundamental properties such as convolution, correlation, and the
uncertainty principle were obtained. Furthermore, some other properties of CFT Cl,, o
where n = 3(mod 4) have also been proved, which involve linearity, scaling, shifting in
space and frequency domain, the vector derivative, the vector differential, and the Parseval
theorem. The directional uncertainty principle for Cl, o has also been verified [5]. Some
authors presented the CFT differently, as in [10]. Hitzer in [11] proposed a new type of
CFT, which can be regarded as the general form of two-sided quaternion Fourier transform
(QFT) [12,13].

The Wigner-Ville distribution introduced by J.Ville can be described as one of the most
effective methods in detecting linear frequency-modulated (LFM) signals and parameter
estimation. The WVD plays a vital role in the analysis of non-stationary signals [14]. Hahn
and Snopek developed Fourier- Wigner distributions of 2D quaternion signals [15], and then
Bahri thoroughly discussed the 2D WVD associated with QFT [16]. Since then, tremendous
work has been done on WVD [17-20]. The idea of associating the WVD with the Clifford
algebra of n-dimensional Euclidean space R" has not been explored yet. The main purpose
of this paper is to investigate the CFT and WVD and to derive the fundamental properties
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of the WVD associated with the CFT, which include linearity, scaling, shift property, vector
differential and derivative, parseval theorem, convolution theorem, correlation theorem,
Moyal’s formula, and the directional uncertainty principle.

The findings of our work can be best utilized in symmetry. The content of the current
paper is organized as follows. Section 2 displays basic notions and results on Clifford
algebra, which are needed throughout this study. In Section 3, the results regarding the
Clifford-Fourier transform in R? are obtained and extended to Clifford-Fourier transform
inR", n = 3(mod 4). Section 4 deals with our main findings in detail, that is, the Wigner—Ville
distribution associated with Clifford—Fourier transform.

2. Preliminaries
Clifford Geometric Algebra C3 of R3

The geometric algebra over R? denoted by C3 consists of a graded 8 = 2® dimensional
basis given by
{1,e1,e2, €3, €12, €23, €31, €123 }

where {el, e, 63} is the orthonormal basis of the real 3D Euclidean vector space R3.

Here, 1 is the real scalar identity element of grade 0; ey, e, e3 are the basis vectors of R3
having grade 1; e1p = ejep, €23 = epe3, and e3; = ezep are the grade 2 basis bi-vectors that are
frequently used; and e1p3 = e1epe3 = i3 is the trivector or volume element or unit-oriented
pseudoscalar having grade 3—the highest grade blade element in C3, which commutes
with all the other elements of C3 and i% = -1

The basis vectors obey the following restrictions:

emen = —epey, for m#mn, mmn=1273
e,znzl for m=1,23.

Therefore, inner products obey the following condition:

em-en = =(emen + enem) = Opn, m,n=1,2,3.

2
Thus, the inner product of grade 1 vectors x and y is given as
1
vy =5y +yx)
= (x1e1 + x2e2 + x3€3).(y161 + Y202 + Y3€3)
= X1Y1 + X2y2 + X3Y3.

Likewise, the outer product of two arbitrary grade 1 vectors x and y is as

1
XAy =5y )
= (x1y2 — xoy1)er2 + (x3y1 — X1y3)e31 + (X2X3 — X3X2)ex3.

Hence, the Clifford geometric product of two arbitrary grade 1 vectors is written as

Xy =xy+xAy, (1)

where xy is the scaler quantity and x A y is the vector quantity. Therefore, Equation (1)
clearly represents that the Clifford geometric product is the addition of the scaler and vector
quantities.
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Generally speaking, the elements of a geometric algebra are called multi-vectors. In
C3, every multi-vector M can be expressed as

P =) waen ()
A
= ap +ajeq +ager + azes
+appe1n + a3ens + az1e31 + A123€123- 3)

Equation (3) represents that every multi-vector can be expressed as linear combination of
k- grade elements, k = 0,1,2,3, where A € {0, 1,2,3,12,23,31, 123} and « € R. The above
Equation (3) can be written as

P = (P) +(P)1 + (P)2+ (P)3 4)

where (P)y is called the grade selector for the k- vector part of M, specifically, (P) = (P)y.
The reverse of P is defined by the anti-automorphism

P = (P)+(P); — (P)> — (P)3 (5)

e~

which satisfies (PQ) = QP for every P, Q € C3. The square of the norm is defined by

1P| = (PQ) =} oy )
A

where

(PQ) =P+Q =Y waPa
A

represents real valued scalar product for any multi-vectors P, Q € C3, where P and Q are
given by

P :Z“AEA (7)

A
Q =) Baea 8
A
Note that o o
(P Q) =(Q P)=(P Q=(Q P)

and
2||P|? = [[x|IP|* = |xP||>,  x € R )

It has been already proved that the norm satisfies the inequality:
(PQ) < [IPIllQll v P,QeCs (10)
Owing to (10), the Cauchy-Schwarz inequality for multi-vectors can be given as:
(PO <IPIPIQI* vV P.QeCs (11)

3. Clifford-Fourier Transform

In this section, we discuss briefly the concept of Fourier transform in R and extend it
to a Clifford’s geometric algebra C3 of dimension 3. Other generalizations can be found
in [21-23].
3.1. Fourier Transform in R

The definition of Fourier transform has been given by Popoulis [24] as
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Definition 1. The Fourier transform of an integrable function f € L2(R) is the function F{f} :
R — C defined by

FifHw) = [ fear (12)

Wt — coswt — isinwt .

where i = —1 and e~
The general form of the function F{f}(w) is given by

F{fHw) = A(w) + iB(w) = C(w)e) (13)
where C(w) is called the Fourier spectrum of f(t) and ¢(w) is its phase angle.

Definition 2 (Inverse Fourier transform). The inverse Fourier transform of f € L2(R) is
defined by

£) = FUF @) = 5 [ FIfH@)e " do. (14

The basic properties of the Fourier transform are given below in Table 1.
Now, we will discuss the Clifford geometric algebra Fourier transform in Cs.
Consider a multi-vector valued function f : R3 — C3, i.e.,

f(t) = Y falt)ea (15)
A
= fo(t) + fi(t)er + fa(t)e2 + faes
+f12(t)erz + faz(t)exs + faies1 + fiozeins, (16)

where f4 are real valued functions and ¢ is a vector variable. The above Equation (16) can
be expressed as a set of four complex functions

f(t) = [fo(t) + froa(t)is] + [f1(t) + fa3(t)iz]er
+[f2(t) + fa1(t)islea + [f3(t) + fia(t)iz]es. (17)

This is the motivation behind the extension of Fourier transform to Clifford—Fourier
transform (CFT), the definition of which is given below.

Definition 3. The Clifford—Fourier transform of f(t) € L2(R3,C3) is given by

FUHw) = [ fhesetas, (18)

where t = t1eq + trep + f3e3;, w = wie1 + woey + waes,; and ey, ey, e3 are the basis vectors of

R3 and
dty Ndiy N dts

13

Pt = (19)

is scalar valued, where dt; = dter, k = 1,2,3 no summation.

Since i3 commutes with element of C3, the Clifford—Fourier Kernel e3¢ also com-
mutes with every element of C3

Theorem 1 (Inverse Clifford—Fourier transform). Let f € L?(R3,C3) with / , | f1|2d%t < oo;
R

then, the inverse of Clifford—Fourier transform is calculated by

1

P S Ff(w)etdPw. (20)

f(8) = FHF{f0) =
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Equation (20) is called the Clifford—Fourier integral theorem. It just shows how to get back to the
given function f from the Fourier transform.

The proof is already formulated in [5].
The important properties and some theorems related to the CFT are summarized in
Table 1, which have been already proved in [5].

Table 1. Properties of 3-dimensional Clifford—Fourier transform f,g € LZ(R3,C3),04, B eCss #
0,wq € R3.

Property Function CFT

Linearity af(t) + pg(t) aF{f}(w) + pF{fH{w)
Delay property fa(t) = f(t —a) e Bt F{f}(w)

Scaling property fs(t) = f(st) S%]-'{f}(%)

Shift property fo(t) = f(t)e3wot F{fHw — wyp)

Vector differential a.vf iza.wF{f}(w)

Vector derivative vf isw{f}(w)

Convolution fxg F{fHw)F{g}(w)
Parseval theorem /]R3 HGIRA ﬁ”?{f}(w)“zdgw

3.2. Generalization towards One Sided n-Dimensional Clifford—Fourier Transform

This section recalls the definition of n-dimensional Clifford—Fourier transform
Cn = Cl(n,0),n = 3(mod 4) with a graded 2" dimensional basis. Then, we present
some important properties of C, = CI(n,0) [5]. For more details on the Clifford algebra of
the n dimension, see reference [5].

Definition 4. The Clifford—Fourier transform of f(t) € L2(R",C,) is given by:

F{fhw) = [ feetan, el)
Rn
where t = e + trep + tzez + ... + fpey; W = wreg + woey + wses + ... + wyey; and
e1,63,63... ey are the basis vectors of R"
and dt; Ndty Adt Adt

drp= L2 0T (22)

In

is scalar valued, where dt;, = dtyer, k =1,2,3,...,n no summation.

Since i, commutes with the element of C,;, for n = 3(mod 4), the Clifford—Fourier
Kernel e % also commutes with every element of C;;. However, this is not true in the
case of n = 2(mod 4).

Theorem 2 (Inverse Clifford-Fourier transform). Let f € L2(R",C,) with / | f112d"t < oo;
RI’L

then, the inverse of Clifford—Fourier transform is calculated by
1 ' ;
_ 1 _ inw.t gn
£ = FUFNO = g [, P @) @ 23)
Proof. The proof has already been derived in [7] for the 3-dimensional case, which can be

easily generalized in the case of n-dimensional Clifford-Fourier transform. O

Now, we will present some properties of C, = CI(n,0) in the Table 2, which will satisfy
for n = 3 (mod 4) due to the commutative property of i, for n = 3 (mod 4).
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Table 2. Properties of n-dimensional Clifford-Fourier transform, n = 3(mod 4), f, g € LZ(R", Cn),o, B €
Cy,a #0,wy € R™.

Property Function CFT

Left linearity af (t) + Bg(t) aF{fHw)+ BF{f}(w)
Scaling falh) = Flatla #0 L F{F}()

Shift in frequency domain  fo(t) = f(t)enwot F{fHw — wp)

Shift in space domain fo(t) = f(t—a) F{f}w)e inwa

Power of t € R" from left () Ve F{fHw)iy

Power of t € R" from right ~ f(#)t" /R" F(t)wme=inwtgny jm
Parseval theorem /n fl(t)%d”t ﬁ /]R” ]:{fl}(w)]-"{/fz\}(w)d”t
Scalar Parseval theorem - £ (£)]|2d"t ﬁ | F{fHw)|?d"w
Convolution f*g F{fHw)F{g}(w)
Vector derivative (left) VT E(t) MW F{f}(w)

Vector derivative (right) f(e)yvm im"F{fHw)w™

In the coming section, we are now going to discuss our main work, that is, the
Wigner—Ville distribution associated with the n-dimensional Clifford—Fourier transform,
where n = 3(mod 4).

4. Wigner-Ville Distribution Associated with Clifford Geometric Algebra
Cl,0,n = 3(mod 4) Based on Clifford—Fourier Transform, n = 3(mod 4)

We begin by providing the definition of the Wigner—Ville distribution and enlist
its properties.

Definition 5. The Wigner—Ville transform (WVT) of f, ¢ € L2(R) is defined by:

T
t—

Wig(tiw) = [ f(t+3)g(t—7)e . (24)

The fundamental properties of WVT and their proofs can be found in [21-23].

Definition 6 (WVD-CFT). The WVD-CFT of two functions f,g € (R",C,), n = 3(mod 4) for
any T € R" is defined as:

_ I —(+__ I —iyW.T gn
W e(tw) = /Rnf(t+ 2)g(t 2)e ' (25)
Suppose the auto correlation is defined as:
T\_ T
() = f(t+3)2(t=3)- (26)
Therefore (6) becomes
Wis(tw) = [ (e edre @7)

with t, w € R".
Note that d"t =

dti Ndtoy ANdTs ... ANdT
! 2 ; 3 % is scalar valued with dx; = dxe, € R”,
n
k=1,2,...,n,no summation.
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Theorem 3. The WVD-CFT of f € L*(R",Cy),n = 3(m0d4),with/R IflIPd"T < oo is

invertible, and its inverse is calculated by

T\ 7 T 1 Ihw.T gn
f(t + E)f(t - 5) = G /R" We(t, w)e" " d"w (28)
where hy(T) is defined in (26).

Proof.

—

T /Rnwf(f )T g

_ zl)n/n o D)y D)e lnwydny} T gy
T o (4 )T (0

—/n A -3 I
[ A 3)7(v3) TT ot gy

3D

This completes the proof.
Note that we have used % /R ei(T’”_ym)w"’dwm = 6(Tw — Ym), 1 < m < n for the fourth
equality. O

) in(T—Yy) wd"a)d”y

lm Tm— jrn)wntdflwdﬂy

Theorem 4 (Non-linearity property). Let f, g € L>(R",Cy), then
We i o(t,w) = We(t,w) + W (t, w) + W o (t, )W £ (t, w).
Proof.

Wrig(t,w) = /Rn(erg( )f+g( f)e*i"“"rd"r
T
E

Il
%\

(¢
= /Rnf %) ( )‘“""’Td"r+ Rng(f+%)§(t—g)e_l"“”d"r
O G O
= We(t,7) + We(t, T) + Wy o(t, T) + W £ (£, T).

O
Hence, proved.
Theorem 5 (Shift in space domain). Let f € L2(R",Cy) and if fs(t) = f(t —to), then
Wy (t,w) = W(t — to, w). (29)

Proof.

W (t,w) /f t—to+ )f(t—to—%)e_i”“"rcl"r.
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Putt —ty = «, we have

i) = (e 3 P

Wf(zx,w)
Wf(t —to,w).

O

Theorem 6 (Shift in Frequency Domain). Let f € L2(R",Cy) and if fo(t) = f(t)ein“0!, then

Wi, (t,w) = Wy (tw — wp). (30)
Proof.
Wp (tw) = /nf(t+ %)ei"WO(t+%)f<t_ %)e—inwo(t—g)e—inw.fdnr
- /“f(t+ %)7(1‘ . %)e*in(wfwo)rdnr
= Wf(t,w — wp).
O

The WVD-CFT Wf(t, w — wy) is centered at the point w = wy in the frequency domain.

Theorem 7 (Plancherel theorem for WVD-CFT). Let f, g € (R",C,,) with their WVD-CFT’s
Wi (t, T) and Wq(t, T), respectively, then

[ et 0T = (2711) [ el W T (31)
where
he(t,T) = f(t+ %)?(t - %)
hy(t,7) = g(t+ %)g( - g
Proof.

L okEaae = o [ ][ Wi gt

= . Wei(T) {/R” hg,t(T)ei"w'Td”T} d"w

R
= /R Wit D)W (D) w

which proves (31). O

It is worth mentioning that the Plancherel theorem is a multivector-valued theorem.
It is valid for each grade k,0 < k < n of the multivectors on both sides of Equation (31).
Hence, we conclude the following result.

Corollary 1.

< s hf,t(T)Wd”T>k - (2711)< [ Wf,t(T)Wg,t(T)d”w>k. (32)

Remark 1. If f = g, then we have the following multivector version of the Parseval theorem.
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Theorem 8 (Parseval theorem).

/nhft hft T—( )n /R" Wi i (T)Wr i (T)d"w.

Since |[M||2 = (MM), the scalar part of the Parseval theorem together with
p 24
|M||? = (MM) gives us the scalar Parseval theorem.

Theorem 9 (Scalar parseval).

n 1 n
Jo g @I = s [ WDy (2] P )

Now, we will derive the most important result, that is, convolution for WVD-CFT.

4.1. Convolution for WVD-CFT
In the begininig, we shall define Clifford convolution.

Definition 7. Let f,g € L2(R",Cy,); then, the Clifford convolution is defined by
(Fx)(t) = [ fx)g(t—x)dx. (34)

Theorem 10 (Convolution for WVD-CFT). Let f, g € L*(R",C,); then, the Clifford Convolu-
tion for Wigner-Ville associated with CFT is

Wrio(t, w) = /n /n Wi (1, w)We (t — u, w)d"u. (35)

Proof. Since -
Wig(t,w) = /f (t+ )g( )e—ln“"fd"r, (36)

it follows that

T T —ipW.T gn
Wigltw) = [ (Fe9)(t+3)(Fxp)(t=7)e rarr
T —iyW.T gn
= /Rn IRnf(ac)g(rfnti—x dxx/Rnf(y) t—f—y)dy e 't
Put
x—u+2
o 2
Y
y=""3
T=v+w.
Therefore,
v
Wreo(t,w) = /R,,/Rn Rnf (t+§—(u+§))

xf(u — f)g((t — %) —(u— g)) e mOT gy d  pd "y
— '/n { Rﬂf(u + 2)f(u - ;)e_in“"”d”v
R e

= /” We(u,w)We(t —u,w)d"u
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which proves the convolution for WVD-CT. [

The following theorem, that is, the reconstruction formula for the WVD-CFT deter-
mines that the Clifford signal can be uniquely determined in terms of the WVD-CFT within
a constant factor.

Theorem 11 (Reconstruction formula for WVD-CFT). The inverse transform of the Clifford
signal f € L*(R",Cy) is given by

1 u :
00 = Gy oo W (r0) e
provided g(0) # 0.
Proof. Since we know that
. T

W (t,w) = /Rnf(H— %)g( E)efi”“"Td”.T.

By applying inverse of WVD-CFT (27), we obtain
Ne(r_ ) = L inw. T gn
f(t—i-E)g(t 2) = @ S W (t w)e d*w
Using the change of variables 7 = t, we obtain

£(20)2(0) = (2171)2 [ Wyl )i, 37)

Again, using the change of variables 2t = 1, we have

flu) = (27T)12g(0) /n Wf/g(%,w)ei”“"”d”w.

This ends the proof of the Theorem. [

Theorem 12 (Moyal’s Formula for WVD-CT). Let f,g € L?(R",C,); then, the following
equation holds:

fe e

2
Wi g(t,w)| dhwdt = (471)"/@1 LF () PP /]R 1g(0)2d".

Proof.
Wy g(t,w0) = Fellu(1)} (w),
where ht(T) = f(t+ %)§(t — ), which implies
2
L Wrsto)[ do = 1 Ffho)} g cin)
= )"l (x]?
_ o Trett— D72 D att— Do
= @) [ flt+ DRt =D+ )8t = T
Ty ria Tyog T
2 2

= @) [ flt+3)3-
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Integrating above w.r.t 4"t, we have
' 2 n n
/H)Wf,g(t,w)’ d"wd"t
T, _ T, - T T
— (27)" /]R /Rnf(H— D= 2)F(t+ 2)g(t— 2)d T

On setting t + & = uand t — = v, which gives du = ldt and dt = dov

Je

Wf,g(t,w)lzd”wd”t = (271)”.2”/n Rnf(u)g‘(v)g(v)f(u)d"vd"u
= @ [ ffwat [ g
= @0 [P, [ [s@)Paro.

This proves the theorem. [

Theorem 13 (Dilation). Let f,g € (R",Cy); then,

t
Wb, ;,p; = Wrg <CIC“’>'

_ 1 t T\ (1 T —inw.T gn
Voo es = cz/nf(c+2c)g(c_2c)e T

take T = y, which gives dy = dt.

Proof.

Therefore,
Wp, Dy = f(t+x>8_<t_x) e
cf e Re”\c 2 c 2
= Wf,g (é,cw)
O
Theorem 14 (Powers of T € R" from left).
W{t"hy (1)} = VWH{hg(T)}iy,  meN (38)
where
he(7) :f(t+%>f(tf%>. (39)
Proof. First we shall prove the theorem for m =1
W{th(1)} = /R Thy (r)eeTdr

= /R" thf,t(T)ine_i”w'TdnT

=V /]R” hf,t(T)e*"”“"Td”Tin
= Vow{hs(T) }in.
Repeating the process m — 1 times, one obtains

W{t"hsi(T)} = VW{hs(T) }iy', m € N.
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Theorem 15 (Powers of T € R” from the right).
Wik ()T} = /R (D) OTd T f meN. (40)

Proof. We omit its proof as it follows directly from Theorem 14. [

Now, we will derive the final formulas for the WVD-CFT Of hf () by using the above
Equation (40) and the dimension dependent commutation properties of i,.

Theorem 16.
W{(a.7)"hs (1)} = (a.Vw)"W{hy(T) }iy (41)

Proof. First, we shall prove the theorem for m =1

W{(a.T)hss(T)} = Jo a.Thf,t(T)e_i”‘*"Td”T

:/ hf,t(r)a.re*i”w'fdnl’
R~
— /]R” hf,t(r)a.vwine*i”“"rd”f
=a.Vy /Rn hf/t(T)efinw.TdnTin
= a.VoW{hs(T)}in.
By repeating the process m — 1 times
W{(0.0)" Ry (1)} = (3.90) "W I (0)} ).

O
Corollary 2. On setting b.thg,(t),b € R" for hy (), we obtain the following result.
W{(a.T)b.ths(T)} = a.Vub.VoW{hs(T)}. (42)

Theorem 17 (Vector differential). The Clifford—Fourier transform of the mth power vector differ-
ential of the auto-co-relation function hy () is

W{(a.v)"hpi(T)} = (a.w)"Wihg (1) iy (43)
Proof. We shall first prove (43) for m =1

_ 1 inw.T 3T
a.Vhy(T) =a.v. ) /R” W{hg,(T)} e "d

1 y
" o /Rn W{hg(T)}a. Ve d"

1 o
N W /Rn W{hf,t(T)}ﬂ.(Ulne n .Td-r

— w—l{a.ww(hf,t(r))in}.

Therefore,
W{(@.9)hg(x)} = (@)W (b (0)}in. (@)
Repeating the above process, we obtain (43). This completes the proof. [J
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Theorem 18 (Left vector derivative).
WLV hp (1)} = "Wk, (T) iy (45)
Proof. The proof is omitted as it follows directly from Theorem 17. [

Theorem 19 (V™ from right).

hes(T) V" = (2711;)14 ./H%n Wk (1) il Tw™d" w. (46)
Proof. Setting m =1
hei(T)V = (2711)” /HW{hf,t(r)}einw.rdnwv
= G o, W) Tvd
g o WO T
= (2;)”/" {hf,t('r)}inei"‘”wd”w

This proves the case for m = 1. Following the same procedure, we obtain (46). O

4.2. Uncertainty Principle

The uncertainty principle plays a central role in understanding the concepts of quan-
tum physics and is also vital for information processing. Quantum physics states that the
conjugate properties such as particle momentum and position cannot be simultaneously
measured accurately. Fourier analysis states that a function and its Fourier transform
cannot be simultaneously sharply localized.

In order to prove the directional uncertainty principle for WVD-CFT, we first state a
lemma and a proposition about the directional uncertainty principle for Clifford-Fourier
transform, which has been already proved in [5].

Lemma 1 (Directional uncertainty principle for CFT). Let f € (R",C,), having Clifford—Fourier
transform F{f} with [g. ||f||?d"x = F < oo; then, for any arbitrary constant vectors a, b:

L @Rl @Pd s [ ol IF @ > ()3

Proposition 1 (Integration by parts).

a.t=o00

[ swlavsonre= | [ fwswa] - [ eosolgoes @)

Rn—1

a.t=—oo0

Theorem 20 (Directional uncertainty principle for WVD-CT). Let f,g € (R",Cy), such
that hy,(T) = f(t + 5)§(t — %) having the Clifford—Fourier transform F {h:(t)}(w). Suppose

that / |he(T)||?d"t = H < oo; then, for any arbitrary constant vectors a,b, the following
JRn
inequality holds:

1
(270)"

L@@ [ 0w F(0} )P > @h)H 48)
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Proof.
[ @R @ P [ | () w) P
- /R (@1 ()P (2;),1 /R N FIR (D) }Hw)|Pd"w using  (44)
- /R (@) h(7) P /]R p.vhy(7) P using  (33)

2
/R (”-T)th(T)”|b-Vht(T)||dnT>

n

/R” a.r‘(Wb.vht(T» d”r>2 using (11)

> (/n a.T(ht(T)b.Vht(T))dnT>2.

We know that )
(b-V)IfII? = 2(f(b.V)f)

Therefore, we have

L@@ P s [ ) F (o)) P

1
</R u.TZb.V||ht(T)|2d”T>
1
4

b.x=—c0 2
([/Rna.r||ht(r)|2d”11—] —/Rn(b.v)(a.r)||ht(T)||d"T> using  (47)

2
>
>

b.x=—oc0

1 2

-2 <O—a.b L. ||ht(T)H2d”T> .
= (a.b)H?

which proves (48). This completes the proof. O

Corollary 3. Ifb = +a, that is, b || a with a> = 1, then the above theorem gives the following
result:

L @opin@ Par o [ @Rl Fi(0} @) > 5,

2m)" Jr
Remark 2. Equality holds for the Gaussian multivector-valued function

h(T) = Coe*T". (49)

where Cy € Cy, is an arbitrary constant multivector, 0 < k € R.
Therefore, we have from (49)

a.Vh(t) = —2ka.th(7).

Theorem 21. Fora.b =0, thatis,a L b, we have

[ @R P s [ @R IF ()} ) P > 0

where

m(7) = F(t+ )30 - 2).
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Theorem 22. With same assumptions as in theorem (48), we obtain the following result:

LR [ @@ ) P > SH.

5. Conclusions

The Wigner-Ville distribution has been associated with the one-sided Clifford-Fourier
transform over R", n = 3(mod 4), and some fundamental properties of WVD-CFT have
been established, such as non- linearity, the shift property, dilation, the vector differential,
the vector derivative, and powers of T € R". Additionally, some important theorems about
WVD-CFT have been formulated, which include the Parseval theorem, the convolution the-
orem, Moyals formula, and the reconstruction formula. Finally, the directional uncertainty
principle associated with WVD-CFT has been derived.
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