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Chapter

Scaled Ambiguity Function
Associated with Quadratic-Phase
Fourier Transform
Mohammad Younus Bhat, Aamir Hamid Dar,

Altaf Ahmad Bhat and Deepak Kumar Jain

Abstract

Quadratic-phase Fourier transform (QPFT) as a general integral transform has
been considered into Wigner distribution (WD) and Ambiguity function (AF) to
show more powerful ability for non-stationary signal processing. In this article, a
new version of ambiguity function (AF) coined as scaled ambiguity function associ-
ated with the Quadratic-phase Fourier transform (QPFT) is proposed. This new
version of AF is defined based on the QPFT and the fractional instantaneous auto-
correlation. Firstly, we define the scaled ambiguity function associated with the
QPFT (SAFQ). Then, the main properties including the conjugate-symmetry,
shifting, scaling, marginal and Moyal’s formulae of SAFQ are investigated
in detail, the results show that SAFQ can be viewed as the generalization of
the classical AF. Finally, the newly defined SAFQ is used for the detection of
linear-frequency-modulated (LFM) signals.

Keywords: ambiguity function, quadratic-phase Fourier transform, Moyal’s formula,
modulation, linear frequency-modulated signal

1. Introduction

The Fourier transform is indeed an indispensable tool for the time-frequency
analysis of the stationary signals. Due to its success stories FT has profoundly
influenced the mathematical, biological, chemical and engineering communities
over decades, but FT can not analyze non-stationary signals as it can not provide any
valid information despite the localization properties of the spectral contents. FT only
allows us to visualize the signals either in time or frequency domain, but not in both
domains simultaneously. In Refs. [1–3], Castro et al. introduced a superlative gener-
alized version of the Fourier transform(FT) called quadratic-phase Fourier trans-
form(QPFT), which not only treats uniquely both the transient and non-transient
signals in a nice fashion but also with non-orthogonal directions. The QPFT is
actually a generalization of several well known transforms like Fourier, fractional
Fourier and linear canonical transforms, offset linear canonical transform whose
kernel is in the exponential form.
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Many researches have been carried on quadratic-phase Fourier transform(see
[4, 5]). With the fact that the QPFT is monitored by a bunch of free parameters, it has
evolved as an effective tool for the representation of signals. A notable consideration
has been given in the extension of the Wigner distributions to the classical QPFT and
its generalizations. More can be found in Refs. [6–9].

On the other hand, the classical ambiguity function (AF) and Wigner distribution
(WD) are the basic parametric time-frequency analysis tools, evolved for the analysis
of time-frequency characteristics of non-stationary signals [10–14]. At the same time,
the linear frequency-modulated (LFM) signal, a typical non-stationary signal, is
widely used in communications, radar and sonar system. Many algorithms and
methods have been proposed in view of LFM. The most important among them are
the AF and WD [10, 13, 15–19], defined as the Fourier transform of the classical

instantaneous autocorrelation function ω tþ τ
2

� �

ω ∗ t� τ
2

� �

for t and τ, (superscript ∗

denotes complex conjugate) respectively. It is well known that the AF offers perfect
localization (localized on a straight line) to the mono-component LFM signals but
cross terms appear while dealing with multi-component LFM signals as they are
quadratic in nature. However these cross terms become troublesome if the frequency
rate of one component approaches other. This drawback of AF gave rise to a series of
different classes of time- frequency representation tools (see [20–27]). In Ref. [28],

authors used fractional instantaneous auto-correlation ω tþ k τ
2

� �

ω ∗ t� k τ
2

� �

found in
the definition of fractional bi-spectrum [29], which is parameterized by a constant
k∈þ to introduced a scaled version of the conventional WD. Later Dar and Bhat
[30] introduced the scaled version of Ambiguity function and Wigner distribution in
the linear canonical transform domain. They also introduced scaled version of Wigner
distribution in the offset linear canonical transform [31–35], hence provides a novel
way for the improvement of the cross-term reduction time–frequency resolution and
angle resolution.

Keeping in mind the degree of freedom corresponding to the choice of a factor k in
the fractional instantaneous auto-correlation and the extra degree of freedom present
in QPFT, we introduce a novel scaled ambiguity function in the quadratic-phase
Fourier transform domain (SAFQ), which gives a unique treatment for all classical
classes of AF’s. Hence, it is good to study rigorously the SAFQ which will be effective
for signal processing theory and applications especially for detection and estimation of
LFM signals.

1.1 Paper contributions

The contributions of this paper are summarized below:

• To introduce a scaled ambiguity function associated with the quadratic-phase
Fourier transform.

• To study the fundamental properties of the SAFQ, including the conjugate
symmetry, time marginal, non-linearity, time shift, frequency shift, frequency
marginal, scaling and Moyal formula.

• To show the of advantage of the theory, we provide the applications of the
proposed distribution in the detection of single-component and bi-component
linear-frequency-modulated (LFM) signal.
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1.2 Paper outlines

The paper is organized as follows: In Section 2, we gave a brief review of QPFT and
introduce AF associated with it. The definition and the properties of the SAFQ are
studied in Section 3. In Section 4, the applications of the proposed distribution for the
detection of single-component and bi-component LMF signals is provided. Finally, a
conclusion is drawn in Section 5.

2. Preliminary

In this section, we gave the definitions of the Quadratic-phase Fourier transform
(QPFT), the ambiguity function associated with QPFT and the scaled ambiguity
function which will be needed throughout the paper.

2.1 Quadratic-phase Fourier transform (QPFT)

For a given set of parameters of Ω ¼ A, B, C, D, Eð Þ,B 6¼ 0 the quadratic-phase
Fourier transform any signal ω tð Þ is defined by [1–3]

Q
Ω ω½ � uð Þ ¼

ð



ω tð ÞKΩ t, uð Þdt, (1)

where the quadratic-phase Fourier kernel KΩ t, wð Þ is given by

KΩ t, uð Þ ¼
ffiffiffiffiffiffiffi

B

2πi

r

e At2þBtuþCu2þDtþEuð Þ, A,B,C,D:E∈: (2)

2.2 Ambiguity function in the quadratic-phase fourier domain (AFQ)

Authors in Refs. [7, 8] defined the AF associated with the LCT, using the same
procedure we can define the AF associated with QPFT (AFQ) as

AFQΩ

ω tð Þ τ, uð Þ ¼
ð



ω tþ τ

2

� �

ω ∗ t� τ

2

� �

KΩ τ, uð Þdt, (3)

2.3 Scaled ambiguity function

For a finite energy signal the scaled Ambiguity function (SAF) is defined as Ref. [30].

SAFω tð Þ τ, uð Þ ¼
ð



ω tþ k
τ

2

� �

ω ∗ t� τ

2

� �

e�iutdt, (4)

where k∈þ the set of positive rational numbers.

3. Scaled ambiguity function associated with quadratic-phase fourier
transform (SAFQ)

In this section, we shall introduce the notion of the scaled Ambiguity function
associated with QPFT followed by some of its basic properties.
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3.1 Definition of the scaled AFQ

Thanks to the scaled AF, we obtain obtain different expressions for the SAFQ as
follows:

SAFω tð Þ τ, uð Þ ¼
ð



ω tþ k
τ

2

� �

ω ∗ t� k
τ

2

� �

e�iutdt

¼
ð



ω tþ k
τ

2

� �

e�iu2 tþkτ2ð Þω ∗ t� τ

2

� �

e�iu2 t�kτ2ð Þdt

¼
ð



ωu tþ k
τ

2

� �

ω̂ ∗

u t� k
τ

2

� �

dt,

(5)

where

ωu tð Þ ¼ ω tð Þe�iu2t and ω̂u tð Þ ¼ ω tð Þeiu2t: (6)

On replacing the Fourier kernel in (6) with the QPFT kernel, we obtain

ωΩ

u tð Þ ¼ ω tð ÞKΩ t,
u

2

� �

and ω̂Ω

u tð Þ ¼ ω tð ÞKΩ t, � u

2

� �

: (7)

Thus, we obtain a new version of scaled AF associated with the QPFT by replacing

ωu tð Þ with ωΩ

u tð Þ and ω̂u tð Þ with ω̂Ω

u tð Þ in (5), i.e.,

SAFΩ

ω tð Þ τ, uð Þ ¼
ð



ωΩ

u tþ k
τ

2

� �

x̂Ωu
∗

t� k
τ

2

� �

dt

¼
ð



ω tþ k
τ

2

� �

KΩ tþ k
τ

2
,
u

2

� �

ω ∗ t� k
τ

2

� �

K ∗

Ω
t� k

τ

2
,
�u

2

� �

dt

¼ B

2π

ð



ω tþ k
τ

2

� �

ω ∗ t� k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt:

(8)

With the virtue of above equation we have following definition.
Definition 3.1. The scaled Ambiguity function associated with quadratic-phase Fourier

transform of a signal 0ω tð Þ0 in L2 ð Þ with respect the real parameter set Ω ¼
A, B, C, D, Eð Þ,B 6¼ 0 is defined as

SAFΩ

ω tð Þ τ, uð Þ ¼ B

2π

ð



ω tþ k
τ

2

� �

ω ∗ t� k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt, (9)

where k∈þ.
It is worth to mention that if we change the parameter Ω ¼ A, B, C, D, Eð Þ in the

Definition 3.1, we have the following important deductions:

i. When the parameter Ω ¼ A=2B, �1=B, C=2B,0,0ð Þ is chosen and multiplying
the right side of (9) by �1, the SAFQ (9) yields the scaled ambiguity function
associated with linear canonical transform [30]:
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SAFΩ

ω tð Þ τ, uð Þ ¼ 1

2πB

ð



ω tþ k
τ

2

� �

ω ∗ t� k
τ

2

� �

ei
1
B Akτ�uð Þtdt: (10)

ii. For the set Ω ¼ cot ζ=2, �cscζ, cot ζ=2,0,0ð Þ,ζ 6¼ 2π and multiplying the
right side of (9) by �1 the SAFQ (9) yields the novel scaled AF associated
with fractional Fourier transform:

SAFζ

ω tð Þ t, uð Þ ¼ 1

2π sin ζ

ð



ω tþ k
θ

2

� �

ω ∗ t� k
τ

2

� �

ei k cot ζτ�ucscζð Þtð dt: (11)

iii. When the parameter is choosen as Ω ¼ 0,1,0,0,0ð Þ is chosen, the scaled AFQ
(4) boils down to the classical scaled AF given in Ref. [30]. In addition of
above if we take k ¼ 1, it reduce to classical Amniguity function.

3.2 Properties of the scaled AFOL

In this subsection, we investigate some general properties of the scaled AFQ with
their detailed proofs. These properties play vital role in signal representation. We shall
see the differences between the scaled versions and conventional ones.

Property 3.1 (symmetry property) For ω tð Þ∈L2 ð Þ, then scaled AFOL of the
signals ω ∗ tð Þ and P ω tð Þ½ � have the following forms

SAFΩ

ω tð Þ ∗ τ, uð Þ ¼ SAFΩ
0

ω tð Þ �τ, �uð Þ (12)

where Ω0 ¼ �A:� B, C, �D, �Eð Þ:
and

SAFΩ

P ω tð Þ½ � τ, uð Þ ¼ �SAFΩ

ω tð Þ �τ, �uð Þ, (13)

where P ω tð Þ½ � ¼ ω �tð Þ and Ω ¼ A, B, C, �D, �Eð Þ.
Proof. From Definition 3.1, we have

SAFΩ

ω tð Þ ∗ τ, uð Þ

¼ B

2π

ð



ω ∗ tþ k
τ

2

� �

ω t� k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ω tþ k
�τð Þ
2

� �

ω ∗ t� k
�τð Þ
2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ω tþ k
�τð Þ
2

� �

ω ∗ t� k
�τð Þ
2

� �

� ei 2 �Að Þk �τð Þþ �Bð Þ �uð Þf gtþ �Dð Þk �τð Þþ �Eð Þ �uð Þ½ �dt

¼ SAFΩ
0

ω tð Þ �τ, �uð Þ, where Ω
0 ¼ �A:� B, C, �D, �Eð Þ:

which prove (12).
Now, we move forward to prove (13)
From (9), we have
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SAFΩ

P ω tð Þ½ � τ, uð Þ

¼ B

2π

ð



Pω tþ k
τ

2

� �

Pω ∗ t� k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ω �t� k
τ

2

� �

ω ∗ �tþ k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ω �t� k
τ

2

� �

ω ∗ �tþ k
τ

2

� �

ei 2Ak �τð ÞþB �uð Þf g �tð Þþ �Dð Þk �τð Þþ �Eð Þ �uð Þ½ �dt

¼ � B

2π

ð



ω υþ k
�τ

2

� �

ω ∗ υ� k
�τ

2

� �

ei 2Ak �τð ÞþB �uð Þf gυþ �Dð Þk �τð Þþ �Eð Þ �uð Þ½ �dυ

¼ �SAFΩ

ω tð Þ �τ, �uð Þ, Ω ¼ A, B, C, �D, �Eð Þ:

which completes the proof. □
Property 3.2 (Time shift). The SAFQ of a signal ω t� λð Þ can be expressed as:

SAFΩ

ω t�λð Þ τ, uð Þ ¼ eiλ 2AkτþBuð ÞSAFΩ

ω tð Þ τ, uð Þ: (14)

Proof. From (9), we obtain

SAFΩ

ω t�λð Þ τ, uð Þ ¼ B

2π

ð



ω t� λþ k
τ

2

� �

ω ∗ t� λ� k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt:

Setting t� λ ¼ s, we have from last equation

SAFΩ

ω t�λð Þ τ, uð Þ ¼ B

2π

ð



ω sþ k
τ

2

� �

ω ∗ s� k
τ

2

� �

ei 2AkτþBuð ÞsþDkτþEu½ �ds

¼ eiλ 2AkτþBuð Þ B

2π

ð



ω sþ k
τ

2

� �

ω ∗ s� k
τ

2

� �

e
i
b akτ�uð Þsþku0τ�u du0�bw0ð Þ½ �ds

¼ eiλ 2AkτþBuð ÞSAFΩ

ω tð Þ τ, uð Þ:

Which completes the proof of (14). □
Property 3.3 (Frequency shift). The SAFQ of a signal ω tð Þeivt can be expressed as:

SAFΩ

ω tð Þeivt τ, uð Þ ¼ eivkτSAFΩ

ω tð Þ τ, uð Þ (15)

Proof. From (9), we have

SAFΩ

ω tð Þeivt τ, uð Þ ¼ B

2π

ð



ω tþ k
τ

2

� �

eiv tþkτ2ð Þω ∗ t� τ

2

� �

e�iv t�kτ2ð Þ

�ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ω tþ k
τ

2

� �

ω ∗ t� τ

2

� �

eivkτ

�ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ eivkτ
B

2π

ð



ω tþ k
τ

2

� �

ω ∗ t� τ

2

� �

�ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ eivkτSAFΩ

ω tð Þ τ, uð Þ:
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Which completes the proof □

Property 3.4 (Non-linearity). Let ω tð Þ ¼ ω1 tð Þ þ ω2 tð Þ be in L2 ð Þ, then we have

SAFΩ

ω tð Þ τ, uð Þ ¼ SAFΩ

ω1 tð Þ τ, uð Þ þ SAFΩ

ω2 tð Þ τ, uð Þ þ SAFΩ

ω1,ω2
τ, uð Þ þ SAFΩ

ω2,ω1
τ, uð Þ
(16)

Proof. From Definition 3.1, we have

SAFΩ

ω tð Þ τ, uð Þ

¼ B

2π

ð



ω1 þ ω2ð Þ tþ k
τ

2

� �

ω1 þ ω2ð Þ ∗ t� k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ω1 tþ k
τ

2

� �

þ ω2 tþ k
τ

2

� �� �h

ω1
∗ t� k

τ

2

� �

þ ω2
∗ t� k

τ

2

� �� �i

ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ω1 tþ k
τ

2

� �

ω1
∗ t� k

τ

2

� �

þ ω2 tþ k
τ

2

� �

ω2
∗ t� k

τ

2

� �h

þω1 tþ k
τ

2

� �

ω2
∗ t� k

τ

2

� �

þ ω2 tþ k
τ

2

� �

ω1
∗ t� k

τ

2

� �i

�ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ SAFΩ

ω1
τ, uð Þ þ SAFΩ

ω2
τ, uð Þ þ SAFΩ

ω1,ω2
τ, uð Þ þ SAFΩ

ω2,ω1
τ, uð Þ:

Thus completes the proof. □
Property 3.5 (Frequency marginal property). The frequency marginal property of

SAFQ is given by

ð



SAFΩ

ω tð Þ τ, uð Þdτ ¼ 1

k
Q

Ω ω tð Þ½ � u

2

� �

Q
∗Ω ω tð Þ½ � �u

2

� �

(17)

Proof. From Definition 3.1, we have

ð



SAFΩ

ω tð Þ τ, uð Þdτ ¼ B

2π

ð

2
ω tþ k

τ

2

� �

ω ∗ t� τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dtdτ:

Making change of variable tþ k τ
2 ¼ s, above equation yields

ð



SAFΩ

ω tð Þ τ, uð Þdτ ¼ B

πk

ð

2
ω sð Þω ∗ 2t� sð Þei 4A s�tð ÞþBuf gtþ2D s�tð ÞþEu½ �dsdt:

Now setting 2t ¼ sþ v, we get
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ð



SAFΩ

ω tð Þ τ, uð Þdτ

¼ B

2πk

ð

2
ω sð Þω ∗ vð Þei 4A s�sþv

2ð Þ�Buf g sþv
2ð Þþ2D s�sþv

2ð ÞþEu½ �dsdv

¼ B

2πk

ð

2
ω sð Þω ∗ vð Þei 2A s�vð ÞþBuf g sþv

2ð ÞþD s�vð ÞþEu½ �dsdv

¼ B

2πk

ð

2
ω sð Þω ∗ vð Þei A s2�v2ð ÞþBu sþv

2ð ÞþD s�vð ÞþEu½ �dsdv

¼ B

2πk

ð



ω sð Þei As2þBs u
2ð ÞþC u

2ð Þ2þDsþE u
2ð Þ

	 


ds

�
ð



ω ∗ vð Þe�i Av2þBv �u
2ð ÞþC �u

2ð Þ2þDvþE �u
2ð Þ

	 


dv

¼ 1

k

ð



ω sð Þ
ffiffiffiffiffiffiffi

B

2iπ

r

ei As2þBs u
2ð ÞþC u

2ð Þ2þDsþE u
2ð Þ

	 


ds

�
ð



ω vð Þ
ffiffiffiffiffiffiffi

B

2iπ

r

ei Av2þBv �u
2ð ÞþC �u

2ð Þ2þDvþE �u
2ð Þ

	 


dv

" #

∗

¼ 1

k

ð



ω sð ÞKΩ s,
u

2

� �

ds

ð



ω vð ÞKΩ v,
�u

2

� �

dv

� �

∗

¼ 1

k
Q

Ω ω tð Þ½ � u

2

� �

Q
∗Ω ω tð Þ½ � �u

2

� �

:

Which completes the proof. □
Property 3.6 (Scaling property). For a signal ~ω tð Þ ¼ ffiffiffi

σ
p

ω σtð Þ the SAFQ has the
following form:

SAFΩ

~ω tð Þ τ, uð Þ ¼ SAFΩ
0

ω tð Þ στ,
u

σ

� �

, (18)

where Ω0 ¼ A
σ2
, B, C, D

σ
, σE

� �

.

Proof. From (9), we have

SAFΩ

~ω tð Þ τ, uð Þ ¼ σB

2π

ð



ω σtþ σk
τ

2

� �

ω ∗ σt� σk
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt:

Setting σt ¼ η, above equation yields

SAFΩ

~ω tð Þ τ, uð Þ

¼ σB

2π

ð



ω σtþ σk
τ

2

� �

ω ∗ σt� σk
τ

2

� �

ei 2AkτþBuð Þη
σ
þDkτþEu½ �: dη

σ

¼ σB

2π

ð



ω σtþ σk
τ

2

� �

ω ∗ σt� σk
τ

2

� �

ei 2A
σ2
k στð ÞþBu

σ

� �

ηþDkτþEu
	 


:
dη

σ

¼ B

2π

ð



ω σtþ σk
τ

2

� �

ω ∗ σt� σk
τ

2

� �

ei 2A
σ2
k στð ÞþB u

σð Þ
� �

ηþD
σ
k στð ÞþσE u

σð Þ
	 


:dη

¼ SAFΩ
0

ω tð Þ στ,
u

σ

� �

,
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where Ω0 ¼ A
σ2
, B, C, D

σ
, σE

� �

.

This proves (18). □
Property 3.7 (Moyal formula). The Moyal formula of the SAFQ has the following form:

ð



ð



SAFΩ

ω1 tð Þ τ, uð Þ SAFΩ

ω2 tð Þ τ, uð Þ
h i

∗

dτdu ¼ B

2πk
jhω1 tð Þ, ω2 tð Þij2: (19)

Proof. From (9), we have

ð



ð



SAFΩ

ω1 tð Þ t, uð Þ SAFΩ

ω2 tð Þ t, uð Þ
h i

∗

dtdu

¼ B

2π

� �2ð



ð



ð



ð



ω1 tþ k
τ

2

� �

ω ∗

1 t� k
τ

2

� �

ω ∗

2 t0 þ k
τ

2

� �

ω2 t0 � k
τ

2

� �

�ei 2AkτþBuð ÞtþDkτþEu½ �e�i 2AkτþBuð Þt0þDkτþEu½ �dτdt0dtdu

¼ B

2π

� �2ð



ð



ð



ð



ω1 tþ k
τ

2

� �

ω ∗

1 t� τ

2

� �

ω ∗

2 tþ k
τ

2

� �

ω2 t� k
τ

2

� �

�ei 2AkτþBuð Þ t�t0ð Þdτdudtdt0

¼ B

2π

ð



ð



ð



ω1 tþ k
τ

2

� �

ω ∗

1 t� τ

2

� �

ω ∗

2 tþ k
τ

2

� �

ω2 t� k
τ

2

� �

�ei2Akτ t�t0ð Þ B

2π

ð



eiBu t�t0ð Þdu

� �

dτdtdt0

¼ B

2π

ð



ð



ð



ω1 tþ k
τ

2

� �

ω ∗

1 t� τ

2

� �

ω ∗

2 tþ k
τ

2

� �

ω2 t� k
τ

2

� �

�ei2Akτ t�t0ð Þδ t� t0ð Þdt0dτdt

¼ B

2π

ð



ð



ω1 tþ k
τ

2

� �

ω ∗

1 t� τ

2

� �

ω ∗

2 tþ k
τ

2

� �

ω2 t� k
τ

2

� �

dτdt

By making the change of variable s ¼ tþ k τ
2 , we have

ð



ð



W
A,k
ω1 tð Þ t, uð Þ W

A,k
ω2 tð Þ t, uð Þ

h i

∗

dτdu ¼ B

kπ

ð



ð



ω1 sð Þω ∗

1 2t� sð Þω ∗

2 sð Þω2 2t� sð Þdsdt

Now taking 2t� s ¼ v, we obtain

ð



ð



WA,k
ω1

t, uð Þ WA,k
ω2

t, uð Þ
h i

∗

dτdu ¼ B

2πk

ð



ð



ω1 sð Þω ∗

1 vð Þω ∗

2 sð Þω2 vð Þdsdv

¼ B

2πk

ð



ω1 sð Þω ∗

2 sð Þdx
� �

ð



ω ∗

1 vð Þω2 vð Þdv
� �

¼ B

2πk
jhω1 tð Þ, ω2 tð Þij2:

Thus completes the proof. □
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4. Applications of the scaled AFQ

In engineering the most important research topics is the detection of LFM signals
as they are widely used in communications, information and optical systems. In this
section our main goal is to use scaled AFQ in detection of one-component and bi-
component LFM signals, respectively.

• One component LFM signal: A one-component LFM signal is chosen as

ω tð Þ ¼ ei ϑ1tþϑ2t
2ð Þ (20)

where ϑ1 and ϑ2 represent the initial frequency and frequency rate of ω tð Þ, respec-
tively. Then, we obtain the SAFQ of a signal ω tð Þ as shown in the following theorem.

Theorem 4.1 The SAFQ of ω tð Þ ¼ ei ϑ1tþϑ2t
2ð Þ can be presented as

SAFΩ

ω tð Þ τ, uð Þ ¼ ei k ϑ1þDð ÞτþEu½ �δ 2k ϑ2 þ Að Þτ þ Bu½ �: (21)

Proof. By Definition 3.1, we have

SAFΩ

ω tð Þ τ, uð Þ

¼ B

2π

ð



ω tþ k
τ

2

� �

ω ∗ t� k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ei ϑ1 tþkτ2ð Þþϑ2 tþkτ2ð Þ2
	 


e�i ϑ1 t�kτ2ð Þþϑ2 t�kτ2ð Þ2
	 


�ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ei ϑ1tþϑ1k
τ
2þϑ2t

2þϑ2tkτþϑ2k
2τ2

4

	 


e�i ϑ1t�ϑ1k
τ
2þϑ2t

2�ϑ2tkτþϑ2k
2τ2

4

	 


�ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ei ϑ1kτþ2ϑ2tkτþ 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π
ei k ϑ1þDð ÞτþEu½ �

ð



ei 2k ϑ2þAð ÞτþBu½ �tdt

¼ ei k ϑ1þDð ÞτþEu½ �δ 2k ϑ2 þ Að Þτ þ Bu½ �,

(22)

□

From above Theorem, we can conclude that the that the SAFQ of a one-component
signal (20) are able to generate impulses in τ, uð Þ plane at a straight line
Buþ 2k ϑ2 þ Að Þτð Þ ¼ 0 and is dependent on the scaling factor k and the parameter
Ω ¼ A, B, C, D, Eð Þ. Therefore, the SAFQ can be applied to the detection of one-
component LFM signals and is very useful and effective as there is choice of selecting
the scaling factor k and the parameter Ω.

• Bi-component LFM signal: Consider the following bi-component LFM signal
ω tð Þ it is well known that the bi-component LFM signal can be expressed by the
summation of two single component LFM signals, i.e.,

ω tð Þ ¼ ω1 tð Þ þ ω2 tð Þ, (23)
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where ω1 tð Þ ¼ ei ξ1tþη1t
2ð Þ η1 6¼ 0ð Þ, ω2 tð Þ ¼ ei ξ2tþη2t

2ð Þ η2 6¼ 0ð Þ and η1 6¼ η2: Now using
the non-linearity property (8), the SAFQ of the signal ω tð Þ given in (23) can be
computed as follows:

SAFΩ

ω tð Þ τ, uð Þ ¼ SAFΩ

ω1 tð Þþω2 tð Þ τ, uð Þ

¼ SAFΩ

ω1 tð Þ τ, uð Þ þ SAFΩ

ω2 tð Þ τ, uð Þ þ SAFΩ

ω1 tð Þ,ω2 tð Þ τ, uð Þ þ SAFΩ

ω2 tð Þ,ω1 tð Þ τ, uð Þ

¼ ei k ξ1þDð ÞτþEu½ �δ 2k η1 þ Að Þτ þ Bu½ �
þei k ξ1þDð ÞτþEu½ �δ 2k η2 þ Að Þτ þ Bu½ � þ SAFΩ

ω1 tð Þ,ω2 tð Þ τ, uð Þ þ SAFΩ

ω2 tð Þ,ω1 tð Þ τ, uð Þ:

The first two terms in last equation stands for the auto-terms of one-component
signals, whereas the rest represent the cross terms that are given by

SAFΩ

ω1 tð Þ,ω2 tð Þ t, uð Þ

¼ B

2π

ð



ω1 tþ k
τ

2

� �

ω ∗

2 t� k
τ

2

� �

ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ei ξ1 tþkτ2ð Þþη1 tþkτ2ð Þ2
	 


e�i ξ2 t�kτ2ð Þþη2 t�kτ2ð Þ2
	 


ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π

ð



ei ξ1tþξ1k
τ
2þη1t

2þη1k
2τ2

4þη1tkτ
	 


e�i ξ2t�ξ2k
τ
2þη2t

2þη2k
2τ2

4�η2tkτ
	 


�ei 2AkτþBuð ÞtþDkτþEu½ �dt

¼ B

2π
ei

η1�η2
4 k2τ2þξ1þξ2þ2D

2 kτþEu½ �
ð



ei η1�η2ð Þt2ei Buþk η1þη2þ2Að Þτþ ξ1�ξ2ð Þ½ �tdt

¼ B

k

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π η1 � η2ð Þ
p ei

η1�η2
4 k2τ2þξ1þξ2þ2D

2 kτþEu½ �e�i
Buþk η1þη2þ2Að Þt� ξ1�ξ2ð Þ½ �2

4 η1�η2ð Þ ,

similarly

SAFΩ

ω2 tð Þ,ω1 tð Þ t, uð Þ

¼ 1

kb

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π η2 � η1ð Þ
p ei

η2�η1
4 k2τ2þξ1þξ2þ2d

2 kτ�Eu
	 


e
�i

Buþk η2þη1þ2Að Þt� ξ2�ξ1ð Þ½ �2
4 η2�η1ð Þ :

Hence the SAFQ of a bi-component signal ω tð Þ ¼ ω1 tð Þ þ ω2 tð Þ is given by

SAFΩ

ω tð Þ τ, uð Þ ¼ SAFΩ

ω1 tð Þþω2 tð Þ τ, uð Þ

¼ ei k ξ1þDð ÞτþEu½ �δ 2k η1 þ Að Þτ þ Bu½ �
þei k ξ1þDð ÞτþEu½ �δ 2k η2 þ Að Þτ þ Bu½ �

þB

k

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π η1 � η2ð Þ
p ei

η1�η2
4 k2τ2þξ1þξ2þ2D

2 kτþEu½ �e�i
Buþk η1þη2þ2Að Þt� ξ1�ξ2ð Þ½ �2

4 η1�η2ð Þ

þ 1

kb

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π η2 � η1ð Þ
p ei

η2�η1
4 k2τ2þξ1þξ2þ2d

2 kτ�Eu
	 


e
�i

Buþk η2þη1þ2Að Þt� ξ2�ξ1ð Þ½ �2
4 η2�η1ð Þ :

(24)
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It is clear from (24) a that the first two auto-terms are able to generate impulses
which the cross terms cannot generate, and therefore, although the existence of cross
terms has a certain influence on the detection performance, but the bi-component
LFM signal still can be detected. This indicates that the scaled AFQ is also useful and
powerful for detecting bi-component LFM signals. Moreover for an adequate value of
k and matrix parameter Ω, the scaled AFQ benefits in cross-term reduction while
maintaining a perfect time-frequency resolution with clear auto terms angle
resolution.

5. Conclusion

Motivated by degree of freedom corresponding to the choice of a factor k in the
fractional instantaneous auto-correlation and the extra degree of freedom present in
QPFT, we proposed novel scaled AFQ. First, we studied the fundamental properties
of the proposed distributions, including the time marginal, conjugate symmetry,
non-linearity, time shift, frequency shift, frequency marginal, scaling, inverse and
Moyal formula. Finally to show the of advantage of the theory, we provided the
applications of the scaled AFQ in the detection of single-component and
bi-component linear- frequency-modulated (LFM) signal.
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