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Chapter

Scaled Ambiguity Function
Associated with Quadratic-Phase
Fourier Transform

Mohammad Younus Bhat, Aamir Hamid Dar,
Altaf Ahmad Bhat and Deepak Kumar Jain

Abstract

Quadratic-phase Fourier transform (QPFT) as a general integral transform has
been considered into Wigner distribution (WD) and Ambiguity function (AF) to
show more powerful ability for non-stationary signal processing. In this article, a
new version of ambiguity function (AF) coined as scaled ambiguity function associ-
ated with the Quadratic-phase Fourier transform (QPFT) is proposed. This new
version of AF is defined based on the QPFT and the fractional instantaneous auto-
correlation. Firstly, we define the scaled ambiguity function associated with the
QPFT (SAFQ). Then, the main properties including the conjugate-symmetry,
shifting, scaling, marginal and Moyal’s formulae of SAFQ are investigated
in detail, the results show that SAFQ can be viewed as the generalization of
the classical AF. Finally, the newly defined SAFQ is used for the detection of
linear-frequency-modulated (LFM) signals.

Keywords: ambiguity function, quadratic-phase Fourier transform, Moyal’s formula,
modulation, linear frequency-modulated signal

1. Introduction

The Fourier transform is indeed an indispensable tool for the time-frequency
analysis of the stationary signals. Due to its success stories FT has profoundly
influenced the mathematical, biological, chemical and engineering communities
over decades, but FT can not analyze non-stationary signals as it can not provide any
valid information despite the localization properties of the spectral contents. FT only
allows us to visualize the signals either in time or frequency domain, but not in both
domains simultaneously. In Refs. [1-3], Castro et al. introduced a superlative gener-
alized version of the Fourier transform(FT) called quadratic-phase Fourier trans-
form (QPFT), which not only treats uniquely both the transient and non-transient
signals in a nice fashion but also with non-orthogonal directions. The QPFT is
actually a generalization of several well known transforms like Fourier, fractional
Fourier and linear canonical transforms, offset linear canonical transform whose
kernel is in the exponential form.
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Many researches have been carried on quadratic-phase Fourier transform(see
[4, 5]). With the fact that the QPFT is monitored by a bunch of free parameters, it has
evolved as an effective tool for the representation of signals. A notable consideration
has been given in the extension of the Wigner distributions to the classical QPFT and
its generalizations. More can be found in Refs. [6-9].

On the other hand, the classical ambiguity function (AF) and Wigner distribution
(WD) are the basic parametric time-frequency analysis tools, evolved for the analysis
of time-frequency characteristics of non-stationary signals [10-14]. At the same time,
the linear frequency-modulated (LFM) signal, a typical non-stationary signal, is
widely used in communications, radar and sonar system. Many algorithms and
methods have been proposed in view of LFM. The most important among them are
the AF and WD [10, 13, 15-19], defined as the Fourier transform of the classical
instantaneous autocorrelation function (¢ +3)w* (¢ — %) for t and 7, (superscript =
denotes complex conjugate) respectively. It is well known that the AF offers perfect
localization (localized on a straight line) to the mono-component LFM signals but
cross terms appear while dealing with multi-component LFM signals as they are
quadratic in nature. However these cross terms become troublesome if the frequency
rate of one component approaches other. This drawback of AF gave rise to a series of
different classes of time- frequency representation tools (see [20-27]). In Ref. [28],
authors used fractional instantaneous auto-correlation w(t + k3)w* (¢ — k%) found in
the definition of fractional bi-spectrum [29], which is parameterized by a constant
k € Q" to introduced a scaled version of the conventional WD. Later Dar and Bhat
[30] introduced the scaled version of Ambiguity function and Wigner distribution in
the linear canonical transform domain. They also introduced scaled version of Wigner
distribution in the offset linear canonical transform [31-35], hence provides a novel
way for the improvement of the cross-term reduction time—frequency resolution and
angle resolution.

Keeping in mind the degree of freedom corresponding to the choice of a factor k in
the fractional instantaneous auto-correlation and the extra degree of freedom present
in QPFT, we introduce a novel scaled ambiguity function in the quadratic-phase
Fourier transform domain (SAFQ), which gives a unique treatment for all classical
classes of AF’s. Hence, it is good to study rigorously the SAFQ which will be effective
for signal processing theory and applications especially for detection and estimation of
LFM signals.

1.1 Paper contributions
The contributions of this paper are summarized below:

* To introduce a scaled ambiguity function associated with the quadratic-phase
Fourier transform.

* To study the fundamental properties of the SAFQ, including the conjugate
symmetry, time marginal, non-linearity, time shift, frequency shift, frequency
marginal, scaling and Moyal formula.

* To show the of advantage of the theory, we provide the applications of the
proposed distribution in the detection of single-component and bi-component
linear-frequency-modulated (LFM) signal.
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1.2 Paper outlines

The paper is organized as follows: In Section 2, we gave a brief review of QPFT and
introduce AF associated with it. The definition and the properties of the SAFQ are
studied in Section 3. In Section 4, the applications of the proposed distribution for the
detection of single-component and bi-component LMF signals is provided. Finally, a
conclusion is drawn in Section 5.

2. Preliminary

In this section, we gave the definitions of the Quadratic-phase Fourier transform
(QPFT), the ambiguity function associated with QPFT and the scaled ambiguity
function which will be needed throughout the paper.

2.1 Quadratic-phase Fourier transform (QPFT)

For a given set of parameters of Q = (4, B, C, D, E),B # 0 the quadratic-phase
Fourier transform any signal w(¢) is defined by [1-3]

O%w](u) = JRa)(t)KQ(t, w)dt, (1)

where the quadratic-phase Fourier kernel Kq(t, w) is given by

B
Ko(t, u) = || (A tButCtDitEu) 4 B 0 D EeR. )

27l

2.2 Ambiguity function in the quadratic-phase fourier domain (AFQ)
Authors in Refs. [7, 8] defined the AF associated with the LCT, using the same
procedure we can define the AF associated with QPFT (AFQ) as

AFQg(t) (tyu) = JRa) (t + %)w* <t — %)I{Q(T, u)dt, (3)

2.3 Scaled ambiguity function

For a finite energy signal the scaled Ambiguity function (SAF) is defined as Ref. [30].

SAF(I,(t) (T, u) = J
R

) <t +k %) w* (t — %) e Mt (4)

where k£ € Q™ the set of positive rational numbers.
3. Scaled ambiguity function associated with quadratic-phase fourier

transform (SAFQ)

In this section, we shall introduce the notion of the scaled Ambiguity function
associated with QPFT followed by some of its basic properties.
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3.1 Definition of the scaled AFQ

Thanks to the scaled AF, we obtain obtain different expressions for the SAFQ as
follows:

SAF (7, u) = a)<t +k %)a)* (t —k %)e’"”dt
Jr

= | 0 (t n g)efi%(wk%)w* <t I g)eﬂ%(“k%)dt (5)

= | o, <t+k%)d)j <t—k%)dt,
JR

where
w,(t) =wlt)e™ and @,(t) = w(t)e™. (6)

On replacing the Fourier kernel in (6) with the QPFT kernel, we obtain

@2(t) = w(t)Kq (r, g) and  &2(t) = o(t)Kq (t, - g) )

Thus, we obtain a new version of scaled AF associated with the QPFT by replacing
@, (t) with @2(t) and @, (t) with @$(t) in (5), i.e.,

SAFg (7, u) = JR@? (t +k %) %2 (t —k %) dt

T U T T —u

_ JRa)<t—|—k%)KQ(t+k2, 5)(0* G —k2)1<g; (¢ — k2, 7)alz: (8)

- EJ a)(t +k Z) w* (t T ) oil(2Ake-+Bu)t-+Dkr-+Eul 1,
271' R 2 2

With the virtue of above equation we have following definition.
Definition 3.1. The scaled Ambiguity function associated with quadratic-phase Fourier

transform of a signal 'w(t)" in L?(R) with respect the veal parameter set Q =
(A, B, C, D, E),B # 0 is defined as

B .
SAF (v, u) = 5 JRw <t +k %) »” (t —k %) g CARTE B DReEl g 9)

where ke Q™.
It is worth to mention that if we change the parameter Q = (4, B, C, D, E) in the
Definition 3.1, we have the following important deductions:

i. When the parameter Q = (A/2B, —1/B, C/2B,0,0) is chosen and multiplying
the right side of (9) by —1, the SAFQ (9) yields the scaled ambiguity function
associated with linear canonical transform [30]:
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1 T T\ 1
Q = v * _ 1 2\ yig(Akr—u)t
SAF ) (7, u) 5B JR(U (t +k 2)60 (t k 2)6 dt. (10)
ii. For the set Q = (cot({/2, —cscf, cot(/2,0,0),{ # 2z and multiplying the
right side of (9) by —1 the SAFQ (9) yields the novel scaled AF associated
with fractional Fourier transform:

1 0 ™ .
SAF*  (t, u) = t+k=|o* (t —k —) #((k cotfr—ucscl) gy 11
ol (&> ) 2ﬂsingJRw< N 2>w 2)° (1)

iii. When the parameter is choosen as Q = (0,1,0,0,0) is chosen, the scaled AFQ
(4) boils down to the classical scaled AF given in Ref. [30]. In addition of
above if we take k = 1, it reduce to classical Amniguity function.

3.2 Properties of the scaled AFOL

In this subsection, we investigate some general properties of the scaled AFQ with
their detailed proofs. These properties play vital role in signal representation. We shall
see the differences between the scaled versions and conventional ones.

Property 3.1 (symmetry property) For w(t) € L*(R), then scaled AFOL of the
signals @™ (t) and Plw(t)] have the following forms

SAFS, . (1, u) = SAF2, (—1, —u) (12)

®"

where Q' = (—A. — B, C, —D, —E).
and

SAFS (7, u) = —SAF2, (~1, —u), (13)

where Plo(t)] = w(—t) and Q = (A, B, C, —D, —E).
Proof. From Definition 3.1, we have

SAFg - (7, u)

_B[ - (t N ) a)(t T f) pil(2Ake - Bu)t-+ Dler+Eu] g
Jr 2 2

2z
= E wolt+k ﬂ o lt—k ﬂ ei[(ZAkr+Bu)t+Dkr+Eu]dt
2w JR 2 2

_B(, (t R (—;)>w* (t _k %) ¢ {25+ (B) )+ ~DIk(—0)+(~E) ()] g
R

= SAF2, (-1, —u), where Q =(—A.—B,C, D, —E).

which prove (12).
Now, we move forward to prove (13)
From (9), we have
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SAF%[U)(t)] (T’ 14)

— E Pw (l’ +k f) Po* (l’ —k z) ei[(ZAkT+Bu)t+Dkr+Eu]dt
27 Jr 2 2
B T T
- = t—F ) ( ik ) i{(2Akz-+Bu)t-+Dher-+Eu)
2 R“’( )@ \Tttky)e
_B w(—t —k T)a) ( —t+k T) {24k(- w) H=1)+(=D)k(=7)+(=E)(-u)] ¢
27 g 2 2

_ B AP T\ i[{24k(—7)+B(—u)}o+(—D)k(—1)+(—E)(—u)]
= 2ﬂJ w<v+k 2>a) (v k 2)6 dv

_—SAFﬁ()( 7, —u), Q= (A,B,C,-D, —E).

which completes the proof. []
Property 3.2 (Time shift). The SAFQ of a signal w(t — 1) can be expressed as:

Proof. From (9), we obtain

B
SAFg(t_ﬂ) (z,u) = Z_JRQ) (t Atk ) <t —i—Fk ) ((2Akr-+Bu)t+Dkr-+Eu] g

T

Setting t — 1 =5, we have from last equation

B T T\
SAFQ , _ = ( k _) * ( —k _) z[(ZAkr+Bu)s+Dkr+Eu]d
ot—2) (T 1) 5 JRa) stky)o 5)¢ s
— iA(2Akz+Bu) EJ a)(s + kz)w* ( . kz)el%[(akrfu)sjtkuorfu(duofhwo)]ds
7). 2 2
_ €M(2AkT+Bu)SAF2(t) (T, u)

Which completes the proof of (14). []
Property 3.3 (Frequency shift). The SAFQ of a signal (t)e"" can be expressed as:

SAF (7, ) = €*"SAFS (7, u) (15)
Proof. From (9), we have

B
SAF i)z(t)ei”t (7, u) =5

27T0R

a)(t Tk %) G0 (EHKS) o (t _ %) o v(1-5)
« ei[(ZAkr+Bu)t+Dkr+Eu] d

T T .
_ ¢ k_) *(t__> ivkt
2ﬂdR“’< TRy 2)¢

> ei[(ZAkr+Bu)t+Dkr+Eu] dt

.. B T T
_ vkt & v * _
—¢ 2EJRw(t+k2>‘” (t 2)

> ei[(ZAkr+Bu)t+Dkr+Eu] dt
- é‘ivaSAFg(t) (T, u) .

t
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Which completes the proof []
Property 3.4 (Non-linearity). Let w(t) = w1(t) + wa(t) be in L*(R), then we have

SAFy (t, u) = SAF, (7, u) + SAF,, , (v, u) + SAF, , (v, u) + SAF, , (7, u)

(16)

52

Proof. From Definition 3.1, we have

SAFg ) (7, u)

B T . N
— ° * 1, Y\ i[(2Ak7+Bu)t+Dkt+Eu]
5 JR(a)l + @) (t +k 2> (w01 + @7) (t k 2>e dt

2] 4 )

(0)1 * <t —k Z) + wy * <t —k z) ) } ei[(ZAkf+Bu)t+Dkr+Eu]dt
2 2

=5 |, [ (e 5o (e=k5) + one +kg)on” (1-k5)

T e RPN A MR )

% ei[(ZAkT+Bu)t+Dkr+Eu] dr

= SAF, (v, u) + SAF; (t,u) + SAF,, , (v, u) + SAF;  (t,u).
Thus completes the proof. []

Property 3.5 (Frequency marginal property). The frequency marginal property of
SAFQ is given by

JRSAFg(t) (v, w)dr =7 Q%o (t)] (5) Q*?w(t)] (__”> (17)

Proof. From Definition 3.1, we have

T

B T ;
Q _ v * Y\ Ji[(2Akt+Bu)t+Dkt+Eu]
JRSAF o) (T )dt 7 Jsz (t +k 2) ® (t 2)6 dtdr.

Making change of variable ¢ + k% = s, above equation yields

B

SAF® (7, u)dr = —
JR w(t)(T M) T ﬂ'k

J a)(s)a)* (2t . s>ei[{4A(sft)+Bu}t+2D(sft)+Eu]dsdt‘
RZ

Now setting 2f = s + v, we get
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LRSAFg(t) (1, u)dt

_B ()" () 144(—5)Be} () +2D(—5) +8] g
Zﬂk JR?

_ i CO(S)CL)* (v)ei[{ZA(:—v)-l-Bu}(H'T”)-Q—D(s—v)-i-Eu]dev
Zﬂk R?

_ i * i[A(SZ—UZ)—&-BM(%)—&-D(S—DH-EM]

=5 sz(s)w (v)e dsdv

_ B i[A2+Bs(4)+C(2) +Ds+E(%)]

=27k | Ra)(s)e ds

XJ w* (v)e” [t () +C(3) +D04E(3) | g,
R

_ I%JR(O( ) \/%ei (a2 Bs(4)+C(4) +Ds+E(3) ] s

" UR(O(D) \/g /i [402+Bo () +C () +Dv+E(3)] dv]
- 1| oma(s Das[ [ wwia(o, F)as|
£ %)) (%) 2l (52).

Which completes the proof. []
Property 3.6 (Scaling property). For a signal &(t) = \/ow(ot) the SAFQ has the
following form:

*

k

/ Uu
SAF2, (v, u) = SAFY, (m, E>’ (18)

where Q' = (%, B, C, %, GE).
Proof. From (9), we have

B |
SAFS (v, u) =5 JRa) (ot + ok )" (ot — ol )ell2akr BueDhet il gy

Setting ot = 1, above equation yields

SAFg (7, u)

= ﬁ 0] ((ft + ok f) w”* <6t — ok f) ei[(ZAkr+Bu)§+Dkr+Eu] d_’7
2 JR 2 2 . -
A P G T LC S
2 JR 2 2 p
— B ® (at + ok E) w* ( ok f) ¢ [(2:;2k(m)+B(g))n+§k(m)+aE(g)] dn
27 Jr 2 2
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where Q' = (%, B, C, %, GE).
This proves (18). []
Property 3.7 (Moyal formula). The Moyal formula of the SAFQ has the following form:

* B
JRJRSAFgl(t)(T, u) [SAFgZ(t) (, u)] drdu = h—k|<w1(t), s (2))]%. (19)
Proof. From (9), we have

JRJRSAFgl(t) (t, ) [SAFL, (¢, )| dedu

= (2) L] Lol a5)oi 050 (¢ 1 )on(e -45)

Xei[(ZAkT+Bu)t+Dkr+Eu]e—i[(2Ak1+Bu)t’+Dk’r+Eu]det/dtdu

o (Y[ ]LJL [l (- S (e w5)en(e )
% ei(ZAerrBu)(t—t’) drdudtdt’
Sl L igor (e v 13Jenle 1)

s p2ARe(1—1) ( B J eiBu(t—t’uu) ddtdt’
2 R

= ;%JRJRJRw1<t+k%)wf (t —%)a}z* (t—i—k%)a)z(t—k%)

x e 24K ) (¢ — ¢ )dt drdt

= ;%JRIRwl (t+k%)w1* (t - %)a};‘ (t—He%)a)z(t - k%)drdt

By making the change of variables =t + k 3> we have

JRJng;’@) (t, u) [nggt) (t, u)] " dedu — ;%JRJRM(S)@; (2 — $)w} (s)wn (2t — s)dsdt

Now taking 2t — s = v, we obtain

JRJRWf,;k (t, u) [Wg;k (t, uﬂ " dedu = %JRJRwl(s)ml* (0)w (5) o (v)dsdv

Thus completes the proof. []
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4. Applications of the scaled AFQ

In engineering the most important research topics is the detection of LFM signals
as they are widely used in communications, information and optical systems. In this
section our main goal is to use scaled AFQ in detection of one-component and bi-
component LFM signals, respectively.

* One component LFM signal: A one-component LFM signal is chosen as
w(t) = ot (910821 (20)

where 91 and 9, represent the initial frequency and frequency rate of w(t), respec-
tively. Then, we obtain the SAFQ of a signal w(¢) as shown in the following theorem.

Theorem 4.1 The SAFQ of w(t) = ¢ (OH92) o be presented as
SAFg (7, u) = FO DI E5[0 (9, + A)t + Bul. (21)
Proof. By Definition 3.1, we have

SAFS(;) (T, u)

_ E ® <t 4k E) w* <t A E) ei[(ZAkT+Bu)t+Dkr+Eu}dt
27 Jp 2 2
_ E ¢ [81 (£+k5)+9 (t+k§)2} o [81 (t—k5)+92 (t—kg)z]
2w R
Xei[(ZAkr+Bu)t+Dkr+Eu]dt
_ 22 ¢ [81t+.91k§+192t2+,92tkf+192k2%} = [slt—ﬁlkg-s-&ztz—&ztk1+192k2§] (22)
T JR
Xei[(ZAkT+Bu)t+Dk1+Eu]dt
_ E ei[81k1+2192tk1+(2Ak1+Bu)t+Dkr+Eu] dt
2 JR
_ B ik D)eimu) J 202+ ) But gy
2 R

= (kO HD)IHE 510k (9, + A)r + Bul,

[

From above Theorem, we can conclude that the that the SAFQ of a one-component
signal (20) are able to generate impulses in (z, #) plane at a straight line
(Bu + 2k(92 + A)r) = 0 and is dependent on the scaling factor k and the parameter
Q = (A, B, C, D, E). Therefore, the SAFQ can be applied to the detection of one-
component LFM signals and is very useful and effective as there is choice of selecting
the scaling factor k and the parameter Q.

* Bi-component LFM signal: Consider the following bi-component LFM signal
w(t) it is well known that the bi-component LFM signal can be expressed by the
summation of two single component LFM signals, i.e.,

o(t) = w1(t) + wa(2), (23)

10
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where w,(t) = ¢i(attme) (1 #0), ma(t) = ¢i(Grtmt?) (1, # 0) and #; # 1,. Now using
the non-linearity property (8), the SAFQ of the signal w(¢) given in (23) can be
computed as follows:

SAF 2(1‘) (v, u) = SAFgl(t)+a)z(t) (v, u)
= SAF;, (7, u) + SAFg, ) (1, u) + SAFG, () () (7 ) + SAFG ) (7, 1)

_ ei[k(§1+D)r+Eu}6[2k(]h —|—A)T—|—Bu]
+el[k(§1+D)T+Eu]5[2k (]12 —+ A)T + Bu] + SAFi)zl(t),wz(t) (T, u) + SAFSz(t),(ul(t) (T, u)

The first two terms in last equation stands for the auto-terms of one-component
signals, whereas the rest represent the cross terms that are given by

SAF ;)0 (E> )

=— | w1 (t +k E) o (t —k z) & [(2Ak7+Bu )t+Dkt+Eu] dr
Jr 2) 2 2

- zB g (&1 (t-+h) 4 (+45) ] o (& (=) 4y (1—k5)° gil(2Akz +Bu)e-+ D+ Eu] g
T JR

. 2 . 2
B o [GrtEukg P nythr | i [t~k e +1k 25—t
2w R

i[(2Akt+Bu)t-+Dkr+Eu] dr

Xe
= Eei[11—4'72]@272+§1+§§+2Dkr+Eu]J ei(nl—qz)ﬁei[Bu+k(z71+;12+2A)T+(g1_gz)]tdt
2r R
2
= g5+ _ Bkt +24)- (61
- g;c’l [ﬁkazfz+%kT+E”]e 4(m—m) ,
w(ny — 1)

similarly

SAF 1), (b5 )

[Butk (-t +24)t— (8- )]
mp—n12 2 E1t+Ep+2d —z[
Z[le T +1ka—Eu} e 4(n—m)

1 1
AT e
kb Vvl —m)
Hence the SAFQ of a bi-component signal w(t) = w1(t) + w2 (¢) is given by

SAFE}(I) (T, M) = SAFQ (t) 4w (t) (T, u)

(O}
= kED) B 510k (n. + A)r + Bul
+e/ R EDTHE 510k () + A)r + Bul
[Butk(n tmy+24)i-(81-5) ) (24)

i[A24 2 L e B ] pTp—

B 1
+ =
k vV 7[(’71 - ’12)

_;[Bquk(nz +n1 +2A)t— (52—51)}2

S\m—my2 2 S+éH+2d
z[Tk T +TkrfEu} e +(n-m)

1 1
+ =
kb vV ”(’72 - ’71)

11
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It is clear from (24) a that the first two auto-terms are able to generate impulses
which the cross terms cannot generate, and therefore, although the existence of cross
terms has a certain influence on the detection performance, but the bi-component
LFM signal still can be detected. This indicates that the scaled AFQ is also useful and
powerful for detecting bi-component LFM signals. Moreover for an adequate value of
k and matrix parameter Q, the scaled AFQ benefits in cross-term reduction while
maintaining a perfect time-frequency resolution with clear auto terms angle
resolution.

5. Conclusion

Motivated by degree of freedom corresponding to the choice of a factor k in the
fractional instantaneous auto-correlation and the extra degree of freedom present in
QPFT, we proposed novel scaled AFQ. First, we studied the fundamental properties
of the proposed distributions, including the time marginal, conjugate symmetry,
non-linearity, time shift, frequency shift, frequency marginal, scaling, inverse and
Moyal formula. Finally to show the of advantage of the theory, we provided the

applications of the scaled AFQ in the detection of single-component and
bi-component linear- frequency-modulated (LFM) signal.
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