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Abstract

The aim of this article is to study Slepian Pollak Inequality (Bell Labs inequality)
for multi-band wavelets (M-band wavelets). A version of the already known energy
inequality for the wavelets helps to zoom in onto narrow-band high-frequency
components of a signal.
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1. Introduction

To study the high-frequency signals whose bandwidth is low, the classical orthogo-
nal wavelets are not enough. As a result of this, M-band novel orthonormal wavelets
were born [1, 2]. The reason behind the greater factor M (M > 2) is that, instead of the
standard decomposition which gives logarithmic frequency resolution, the new wavelet
decomposition gives rise to a combination of logarithmic and linear frequency resolu-
tion and thus designs a more compatible tiling of the time-frequency plane which is
absent in 2-band wavelets. For more difference between the novel multi-band wavelets
and classical 2-band wavelets, we refer to [3] and the references therein.

Moving to other side, tight wavelet frames have redundancy which is absent in the
orthonormal wavelets. By ignoring orthonormality and keeping redundancy, it
becomes easier to construct tight wavelet frames that the classical orthonormal wave-
lets. This construction becomes easier when we use the unitary extension principle
(UEP) as catalyst [4]. The research in the area of frame theory is well developed. To
mention a few, we refer to [5-7].

The fast growing and emerging branch of research wavelet analysis has became a
bridge to connect mathematicians with other researchers like physicians, chemists,
engineers, etc. Hence, it becomes quite interesting to study different aspects like
uncertainty principle in the context of wavelet analysis. The uncertainty principle
inequalities are the basic blocks of signal analysis. Its classical version was studied
by Heisenberg, Pauli, Weyl, and Wiener. Going to the application side it is here
worth to mention the Slepian Pollak energy inequality (or Bell Labs inequality) and
the D. Gabor on a windowed transform. For more details about these inequalities we
refer to [8-11].
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From the motivational point of view, we consider P as projection operator on
wavelet which is in fact subspace of L?(R). For any signal f € L*(R) with finite
energy, we consider a time-truncation operator T, which in mathematical terms
is defined by Tf (t) = f(t)(s,)(¢), with usual characteristic function |, on any
segment [a,b]. Let the signal have unit norm, i.e. [[f||, = 1and ||Tf||, has certain
value in [0, 1]. Then the authors in [11] considered the possible values of ||Pf]|,,
which is in fact a version of uncertainty principle as there is uncertainty between
time-truncation operator T and projection operator P. To be precise they solved
Fourier projection transform and expressed it in terms of well-known Bell Labs
inequality.

Motivated by the work of [11], we consider its generalisation on M-band wavelets.
The rest of paper is organised as follows. The paper is organised in the following
manner. In Section 2, we take some review of multi-band wavelets. In Section 3, we
establish the Slepian Pollak energy inequality.

2. Preliminaries on multi-band wavelet frames

Let us begin with some preliminaries on M-band wavelet frames. We make use of
the symbols N, Ny, Z, and R for the sets of all natural numbers, nonnegative integers,
integers, and real numbers, respectively. Whereas the identity matrix of size M > 2 is
denoted by Ij.

For any function f € L'(R), we define its Fourier transform as:

fo) = jf(x)e*"@“xdx, CeR

R

and its inverse is

10 ~ .
flx) = Z—J f(O)ede, xeR.
T Jr
For given & := {g,, ..., g, } CL*(R), define the M-band wavelet system
X() = {g]{k : 1§f§L;j,keZ} 1)

where gfk = M/%g? (M. — k). The wavelet system X (&) is treated as the M-band

wavelet frame, or simply a wavelet frame, whenever we have positive numbers
0 <A <PB < oo such that

i< > SN[ al)| <Birie @
=1

j€EZkeZ

holds for all f € L*(R).

The constant 2 which is in is called fact largest the lower frame bound, whereas the
smallest constant ‘B is treated as the upper wavelet frame bounds. We have a tight
wavelet frame whenever 2 = B. Moreover, the generated system will be a Parseval
wavelet frame if A = B = 1. Here, every function f € L*(R) is reshaped as
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£ =D (f g )gl)- 3)

f—1jezkez

Framelet systems are often constructed from the construction of MRA, which is in
turn depends on refinable functions. We say function f € L?(R) an M-refinable when-
ever it satisfies a refinement equation:

fx) = > _holk] f(Mx — k). (4)

kez

for some kg €1%(Z). Its Fourier transform is

i(0) = ma (@ f(f/[) (5)

mol) = 7Y holkle®,

kezZ

where

is a 27-periodic measurable function in L*[ — 7, z] and is often called the refinement
symbol of §. We further assume that:

limf(¢) =1, and Y [f(¢+2%n)| €L™]~x,x]. (6)

=0 kez

With § € L?(R) a refinable and compactly supported function, consider the
space Vg, which is created by {f(- —k) : k€Z} and V; = {§(M/") : f €V}, j€Z.
Obviously if | is compactly supported, the {V]}] <7 ends with an MRA. Note that
MRA is a collection of closed subspaces {VJ}] <z of L*(R) which obeys: (i)

VicVj1,j€2Z, (i) UiczVj is dense in L*(R), and (iii) NiezV; = {0}. Let

& :={gy, ..., 9, } C V3, then
(00 =me (1) () @)

where

mo€) = 2 She*, =1, L

keZ

are the 2z-periodic measurable functions in L[ — 7, z] which are named as
framelet symbols. The well-known catalyst unitary extension principle (UEP)
incorporates a sufficient condition on the system & so that the resulting M-band
system X (&) becomes a tight frame of L?(R). It were Han and Cheng [6] who
provided a complete characterisation of these multi-band tight wavelet frames
using the machinery of the unitary extension principle. In fact they used the
following tool.
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Theorem 2.1. [6] Suppose that the refinable function f and the framelet
symbols mg,m1, ...,my, satisty (4)—(7). Define g;, ..., g, by (7). Let () =

{Wlf (C + Zﬁﬂp) }1:1:0 such that A ()M ({) = Iy, fora.e (€0(Vy) =

{cje [— 7, 7 : Zkezﬁ(ij + 2k7z)|2/: 0}, then M-band wavelet system X(g) forms a

tight wavelet frame for L?(R) with frame bound 1.

3. Projection on MRA spaces

Define the projection P : f — f, €V,, by

Bf ) SIS (f 90 )55() Z KRGO

£=1j=—ocok=— o0

Lemma 3.1. Let § be a continuous scaling function of bounded variation on R. Suppose
one of the following equations hold

Z B(C +27k)| <A <oo, forael€R, 9)
kez
[f(x —k)|<B<oo, foraexeR. (10)
>
kez

Then for any integer j and f € L*(R), we have

fj(x)zii FOFMIg)e Z (M ¢ + 27m)e>™M . (11)

Proof. Using Parseval’s identity, we have from Eq. (8)

=5 3 [ 01 e <iaas -

oo

1 . — & ( am 4

i NG )k;w{ekM (v — k) f

:% imf(g)f(M—jg)eigxkiw{ei(Mixk)Mfgf(Mx_k)}dé,
1> .

FOIMTOes 3 {2 (M + 2mm) Jdg,

2z )
where we have used Poisson Summation formula, because of Eq. (10). This completes
the proof. []

Lemma 3.2. Let | be as in Lemma 3.1 and P be the projection operator. If F is a
bounded family of square integrable functions, then its image P(F) is uniformly bounded
family on R.

Proof. Let f satisfy condition (9). Then from (11), we have by Schawrtz Inequality
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| <3| Folieri) 3

2] eror(

o A 1/2
<—eaifls([fitaora)

<MPA|f]l,.

F(MT¢ + 22m) e (H2mM )| g

1/2

(Mg + 27m)|> dg}

Moreover, if f satisfies Eq. (10), then we have

Z f(Mx — k)‘dC<M7/2Bllf|lz

n=—oo

fe <52 | Foliiea o

Theorem 3.3. Let § satisfy the conditions of Lemma 3.1, P be the projection operator,
and T be the truncation operator. Then PT is a compact operator.
Proof. Define

Ay(e) = suplf (x + ) ~f ()l

where € > 0. Let f satisfy the condition (9), then

A7 (6) sJ V ]|fM o) _Z F(M ¢ + 22m) || (620 )e ]dg

[ (oo mip ) o

1/2

Since

f(M e+ 2mn)||e

Nn= — oo

2
i(cr2mM )e 1‘) <4A”[{(M )|’ eLY(R)

o) 3
and by (9), the series

>

n=—oo

(Mg - 20m) 6 12m00)0

1‘—>0 as €— 0,

Lebesque Dominated convergence theorem implies that

lim Ar (e) = 0.

e—0 7J

By taking inverse Fourier transform to the above, the result also holds. Thus for any
bounded family F in L?(R), its image P(F) is equicontinuous and uniformly bounded
family on R. Hence, according to Ascoli’s Theorem, PT is a compact operator.
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Thus with the above results in hand we are in a position to say that we have proved
the M — band version of Bell Labs inequality. To be precise, mathematically we have
proved the following result:

Let § be as in the Lemma 2, P be the projection operator, and T be the truncation
operator, then (P, T) is a pair satisfying Bell Labs inequality

17U, o cos IEF I
T Iz

arccos

> arccos||Tf|l,.
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